
Lecture 10
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Functions of bivariate random vectors

Let (X ,Y ) be a bivariate random vector and g : R2 → R. Knowing the
distribution of (X ,Y ) we can determine the distribution of a new random
variable Z = g(X ,Y ).

Discrete case

Let (X ,Y ) be a discrete random vector with the joint pmf pX ,Y and
Z = g(X ,Y ), then

pZ (z) =
∑

{(x ,y):g(x ,y)=z}

pX ,Y (x , y)
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Example

The pmf of (X ,Y ) is given by:

X \ Y 0 2

-1 1/6 1/3

1 1/6 1/3

. Find the pmf of

Z = cos
(
π
3
(X + Y )

)
.

Solution

SZ =
{
cos
(
−π
3

)
, cos

(π
3

)
, cos (π)

}
=

{
1

2
,−1

}
P
(
Z =

1

2

)
= P(X + Y = −1) + P(X + Y = 1) =

1

6
+

1

3
+

1

6
=

2

3
,

P(Z = −1) = P(X + Y = 3) =
1

3
.
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Convolution - discrete case

Let Z = X + Y , where X and Y are independent random variables with
pmfs: pX and pY . Then:

pZ (z) = P(X + Y = z) =
∑

{(x ,y):x+y=z}

P(X = x ,Y = y)

=
∑
x

P(X = x ,Y = z − x) =
∑
x

pX (x)pY (z − x),

the resulting pmf pZ is called the convolution of pX and pY .
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Example

Let X , Y be independent random variables X ∼ P(λ1) and Y ∼ P(λ2).
De�ne Z = X + Y . Show that Z ∼ P(λ1 + λ2).

Solution

P(Z = 0) = P(X + Y = 0) = P(X = 0,Y = 0) = P(X = 0)P(Y = 0)

= e−λ1−λ2 ,

P(Z = k) = P(X + Y = k) =
k∑

j=0

P(X = j ,Y = k − j)

=
k∑

j=0

P(X = j)P(X = k − j) =
k∑

j=0

e−λ1
λj
1

j!
e−λ2

λk−j
2

(k − j)!

= e−λ1−λ2
1

k!

k∑
j=0

(
k

j

)
λj
1
λk−j
2

= e−λ1−λ2
(λ1 + λ2)

k

k!
, k = 1, 2, 3, . . . .
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Mixed case

Example

Let X , Y be independent random variables such that X ∼ U [0, 1] and
Y ∼ B

(
1

2

)
. Find the cumulative distribution function of Z = X + Y .

Solution

SZ ⊂ [0, 2] and

FZ (t) =


0, t < 0,
1

2
t, 0 ≤ t < 2,

1, t ≥ 2,

=⇒ Z ∼ U [0, 2].

Remark

If X and Y are independent random variables such that X is continuous

and Y is discrete then X + Y has continuous distribution.
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Continuous case

Let (X ,Y ) be a bivariate random vector with a joint pdf fX ,Y . Consider a
function g : R2 → R and a random variable Z = g(X ,Y ). Then the cdf of
Z is of the form:

FZ (z) = P(g(X ,Y ) ≤ z) =

∫ ∫
{(x ,y):g(x ,y)≤z}

fX ,Y (x , y)dxdy .

Example

Let (X ,Y ) ∼ U(D), where D = {(x , y) ∈ R2 : x ∈ [0, 1] and 0 ≤ y ≤ x}.
Find pdf of Z = Y − X .

Solution

SZ = [−1, 0] and

FZ (z) =


0, z < −1,
(1+ z)2, −1 ≤ z < 0,

1, z ≥ 0,

=⇒ fZ (z) =

{
2(1+ z), z ∈ [−1, 0],
0, otherwise.
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Example

Let X , Y be intependent identically distributed (i.i.d.) random variables
X ,Y ∼ Exp(1) and let Z = min(X ,Y ). Determine the pdf of Z .

Solution

FZ (z) =

{
0, z < 0,

1− e−2z , z ≥ 0,
=⇒ fZ (z) =

{
2e−2z , z ≥ 0,

0, otherwise.

Example

Let X , Y be i.i.d. random variables X ,Y ∼ U [0, 1]. Determine the pdf of
Z = XY .

Solution

SZ = [0, 1], FZ (z) = 1− P(Z > z) = 1− P(XY > z) = 1−
∫

1

z

∫
1

z
x

dydx

=⇒ fz(z) = − ln(z)I[0,1](z).
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Convolution - continuous case

Let X and Y be independent continuous random variables with pdfs fX
and fY , respectively. We will �nd the pdf of W = X + Y , by �rst �nding
its cdf and then di�erentiating:

FW (w) = P(X + Y ≤ w) =

∫ ∞
−∞

∫ w−x

−∞
fX (x)fY (y)dydx

=

∫ ∞
−∞

fX (x)FY (w − x)dx .

Then pdf of W is obtained by di�erentiating the cdf:

fW (w) =
dFW
dw

(w) =

∫ ∞
−∞

fX (x)
d

dw
FY (w − x)dx

=

∫ ∞
−∞

fX (x)fY (w − x)dx .

The pdf of W (fW ) is called the convolution of fX and fY .
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Example

Let X , Y be independent, uniformly distributed random variables
X ,Y ∼ U [0, 1]. Determine the pdf of W = X + Y .

Solution

SW = [0, 2],

FW (w) = P(W ≤ w) = P(X + Y ≤ w)

=


0, w < 0,∫ w

0

∫ w−x

0
1dydx = w2

2
, 0 ≤ w < 1,

1−
∫
1

w−1

∫
1

w−x
1dydx = −1+ 2w − w2

2
, 1 ≤ w < 2,

1, w ≥ 2.
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