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Abstract

Optimum sample allocation in stratified sampling is one of the fundamental issues in
survey methodology. In its classical formulation, it involves determining how a given total
sample size should be allocated among strata so that certain criteria, typically related to
minimizing the variances of estimators, are satisfied.

This thesis addresses the multi-domain optimum sample allocation problem in
stratified sampling. The objective is the simultaneous minimization of the variance of
the global total estimator and the variances of domain total estimators under a fixed
total sample size, while ensuring that allocations do not exceed the population sizes
within strata. The problem has been formulated in a way that allows controlling the
relative precision of estimators across domains through pre-specified domain-wise priority
weights. A review of the available literature indicates that no exact analytical algorithm
has yet been developed to solve this problem.

The main contributions of this thesis are twofold. First, it formulates sufficient
optimality conditions for the solution to the allocation problem under consideration.
Second, it defines the RDCA algorithm, which solves this allocation problem based on the
established conditions. The optimality conditions were derived using convex optimization
techniques (e.g., Karush-Kuhn-Tucker conditions) and matrix algebra methods, with
analyses involving the eigenvalue problem. A proof of correctness of the proposed
algorithm constitutes an essential part of the thesis.

An integral part of this dissertation is the implementation of the RDCA algorithm as
a function in the R programming language, provided in the stratallo package, which is
publicly available in the Comprehensive R Archive Network.

Keywords: optimum sample allocation, multi-domain allocation, variance
minimization, controlled-precision, stratified sampling, exact algorithm, RDCA

algorithm, Karush-Kuhn-Tucker conditions, eigenvalues, eigenvectors.






Streszczenie

Alokacja optymalna proby w warstwowym schemacie probkowania jest jednym
z podstawowych zagadnienn metodologii badan reprezentacyjnych. W klasycznej postaci
zagadnienie to polega na wyznaczeniu liczebnosci prob w warstwach przy ustalonej
liczebnosci catkowitej proby, z uwzglednieniem kryteriéw optymalnos$ci zwiagzanych
z minimalizacjg wariancji estymatorow.

Niniejsza praca koncentruje si¢ na problemie wielodomenowej alokacji optymalnej
proby w schemacie warstwowym. Celem jest jednoczesna minimalizacja wariancji
estymatora sumy globalnej oraz wariancji estymatoréw sum w poszczegolnych domenach,
przy ustalonej catkowitej liczebnosci proby i zapewnieniu, ze przydzialy nie przekraczaja
liczebnosci populacji w warstwach. Problem ten sformulowano w sposéb umozliwiajacy
kontrole wzglednej precyzji estymatorow w poszczegdlnych domenach za pomoca
uprzednio okreslonych wag priorytetowych. Z dostepnej literatury wynika, ze dotychczas
nie opracowano doktadnego algorytmu analitycznego, ktory rozwiazywaltby ten problem.

Glowne rezultaty pracy obejmuja sformutowanie warunkéw dostatecznych dla
rozwigzania optymalnego rozwazanego problemu alokacji oraz zdefiniowanie algorytmu
RDCA, ktoéry rozwigzuje ten problem w oparciu o ustanowione warunki optymalnosci.
Warunki optymalno$ci wyprowadzono przy uzyciu metod i narzedzi optymalizacji
wypuklej (w tym warunkéw Karusha-Kuhna-Tuckera) oraz algebry macierzy w kontekscie
zagadnienia ich wartosci wlasnych. Dowdd poprawnosci zaproponowanego algorytmu
stanowi istotny element pracy.

Integralna czescia dysertacji jest implementacja algorytmu RDCA jako funkcji
w jezyku R, zawartej w pakiecie stratallo, dostepnym publicznie w repozytorium

Comprehensive R Archive Network.
Stowa kluczowe: alokacja optymalna proby, alokacja wielodomenowa, minimalizacja

wariancji, kontrolowana precyzja, probkowanie warstwowe, dokladny algorytm, algorytm

RDCA, warunki Karusha-Kuhna-Tuckera, wartosci wtasne, wektory wtasne.
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Chapter 1

Introduction

Survey sampling is a recognized area of statistics concerned with the design of
sampling schemes and inference procedures for finite populations. It underpins a wide
range of applications, including official statistics, the social sciences, and various applied
disciplines. Foundational treatments of survey sampling theory and methods can be found
in the classical books by Cochran [9], Lohr [26], and Sérndal, Swensson and Wretman [42].

This thesis is concerned with an optimum sample allocation problem arising in a
multi-domain survey setting. We briefly introduce two key concepts from survey sampling
methodology that are essential to this problem: multi-domain estimation and optimum
sample allocation in stratified sampling.

In many survey applications, estimates are required not only for the population as
a whole but also for specific subpopulations. For example, in a national health survey,
policymakers may require reliable estimates of disease prevalence not only at the national
level but also for individual provinces or administrative regions. Such subpopulations,
for which separate estimates are required, are referred to as domains. The concept
of domain-level estimation is discussed in detail, for example, in Sérndal et al. [42,
Chapter 10, p. 386].

From the perspective of estimation and sampling design, one of the central topics in
survey methodology is that of optimum sample allocation. This topic arises in the context
of stratified sampling — a widely used sampling technique in which the population (or each
domain) is divided into nonoverlapping subgroups called strata, from which probability
samples are drawn. The problem of optimum sample allocation consists in determining
the sample sizes for each stratum in such a way as to optimize a specified criterion. This

criterion may involve, for example, minimizing the variance of an estimator or minimizing
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CHAPTER 1. INTRODUCTION

the total cost of conducting a survey. The problem of optimum sample allocation in
stratified sampling has a long tradition in the survey sampling literature; see, e.g., Cochran
[9, Sec. 5.5, p. 96| and Sarndal et al. [42, Sec. 3.7, p. 100]. It is worth noting that, in
the optimum allocation problem, it is typically assumed that the strata have already
been formed. This assumption is explicitly adopted in the allocation problem studied in
this thesis. The formation of strata constitutes a distinct methodological problem and is
discussed, for example, in Kish [23, Sec. 3.6, p. 98| and, more recently, in Lednicki and

Wieczorkowski [25].

This dissertation is devoted to the problem of domain-wise optimum sample allocation.
Specifically, we study a setting in which the population is divided into domains, each of
which is further stratified. The objective is to determine the optimum allocation of a fixed
total sample size across all strata within all domains so as to minimize the total variance
of the resulting estimators. The optimization is carried out subject to constraints ensuring
that the allocated sample size in each stratum does not exceed the stratum’s population
size and that certain domain-level estimation precision requirements are satisfied. We

provide a precise formulation of this problem in the following Section 1.1.

1.1. Preliminary Problem Formulation

Consider a finite population consisting of N elements, denoted by U = {1, ..., N}.
Let U be partitioned into D nonempty, disjoint subsets Uy, ..., Up, called domains; that
is,

D
U= (1.1)
d=1

Suppose that the parameter of interest is the total ¢4 of a univariate, positive-valued study

variable y in domain Uy;

ti=> wy. de{l,..., D}, (1.2)

keUy
where y, € R, denotes the value of y for population element k € U.

To estimate t4 for each d € {1, ..., D}, we consider the m estimator (also known
as the Horvitz-Thompson estimator) under a stratified simple random sampling without
replacement design, hereafter abbreviated as the STSI design. This design combines
stratified sampling (ST sampling) with simple random sampling without replacement (SI

sampling), as described below.
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1.1. PRELIMINARY PROBLEM FORMULATION

Under ST sampling, each domain Uy, d € {1, ..., D}, is partitioned into nonempty,

disjoint strata,
Hy
Us= | Uan, (1.3)
h=1

where Uy, denotes the hth stratum within domain Uy, and Hy is the total number of
strata in U,. The size of stratum Uyy, is denoted by Nyp. For each d € {1, ..., D}
and h € {1, ..., Hy}, a probability sample sy, of size ng, is selected from stratum U,
according to a specified sampling design. We assume that each stratum is sampled using
SI sampling and that all samples s, h € {1, ..., Hg}, d € {1, ..., D}, are independent.
Consequently, the overall sampling design is the STSI design.

Under the STSI design, the 7 estimator of ¢, is given by

Hy
. N,
fg=Y =" > ., de{l, ..., D} (1.4)
het1 Ak e
= Sd,h
The variance of t, is
Hy
R 1 1
Var(fy) = (———)N2 S22 de{l,....D} (L5
0 =X (ry ~ ) NinSh A€ DAY
where
1 _ 2
Sin = N 1 Z (e — Juas) ™ (1.6)
d,h kGUdyh

is the population variance of the study wvariable y in stratum Ugyp, and
YUa, = ﬁZkeUdhyk. It can also be shown that the overall variance of the

7 estimator

=YY Sy, (17)

d=1 h=1 kesd h
of the total t =, _,; yx is
D i 1
Var(f) = (— . —)N2 52 1.8
=33 (L - )t 0

For more details on the STSI design and related estimators, see Sarndal et al. [42,
Result 3.7.2, p. 103|.
As measures of the precision of the estimators ¢y and ¢, we consider their squared

coefficients of variation, denoted by V; and V', respectively:

~ Hy
Var(f iy (1) 1 1 1
V= ar(te) [ vaiy (19 1 > (_ - —)NihSih, de{l,..., D}, (1.9a)

(E[ts)” o ts = \nap  Nap
Var(t) [ Do 1 L1 1

V= 4 vah OO (== - =) M55 (1.9D)
ETHENER P CTRE T



CHAPTER 1. INTRODUCTION

where [1] follows from the unbiasedness of the estimators (1.4) and (1.7). The coefficient
of variation is widely used as a consistent measure of estimation accuracy for totals and
means of continuous variables (see, e.g., European Commission and Eurostat [13, Sec. 2.2,
pp. 12-15]). The relative variances in (1.9) therefore provide standardized measures
of estimator precision, facilitating meaningful comparisons across domains. Weighted
variances have been extensively studied in the literature; see, for example, Dalenius [11],

Yates [53], Hartley [17], Schaich and Miinnich [38], or Choudhry, Hidiroglou and Rao [8].

The objective is to simultaneously minimize all domain-level relative variances V,

de {1, ..., D}, as well as the overall relative variance V', subject to a fixed total sample
size n = ZdD:1 Zfﬁl nan, and the condition ng;, < Ngp for all h € {1, ..., Hy} and
d € {1,..., D}. To achieve this, we introduce pre-specified priority weights k4 > 0,
de{l, ..., D}, such that 25:1 kq = 1, and assume

Vi=rqT, de{l, ..., D}, (1.10)

where T is an unknown nonnegative constant.

In this setting, each k4, d € {1, ..., D}, specifies the proportion of T attributed
to domain Uy. Accordingly, T serves as common baseline for the domain-level relative
variances Vy, d € {1, ..., D}, while the coefficients k4, d € {1, ..., D}, determine
how this baseline is distributed across domains. Since V; measures the precision of
the estimator #y, the kq, d € {1, ..., D}, directly encode domain-specific precision
priorities. This explicit control of domain-wise precisions through the parameters kg4,
d e {1, ..., D}, motivates the term “controlled-precision” in the title of this thesis.

Under assumption (1.10), 7" governs not only the domain-level relative variances V,
de {1, ..., D}, but also the overall relative variance V. To see the latter, note that (1.9)
and (1.10) imply

D
V= t%(z 2 /{d> T. (1.11)
d=1

Hence, minimizing 7" simultaneously minimizes all V;, d € {1,..., D}, and V.

We are now ready to precisely state the multi-domain optimum sample allocation
problem with controlled-precision under upper-bound constraints (Problem 1.1.1), which

constitutes the central focus of this thesis.
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1.1. PRELIMINARY PROBLEM FORMULATION

Problem 1.1.1. Let the following be given:

e strata population sizes Ny, and standard deviations Sy, h € {1, ..., Hy}, d €
{1, ..., D}
e domain totals ¢4 and priority weights k4 > 0, d € {1, ..., D}, satisfying ZdD:1 kg = 1;

o total sample size n € (0, 25:1 hHi1 Nan]-
Determine an allocation vector n = (nd,h, he{l,..., Hy},de{l, ..., D}) and a scalar

T that solve the following optimization problem:

minimize T (12)
(T,n) € RI+H
D Hy
subject to Z Z Nap = N, (13a)
d=1 h=1
! d(l ! >N2 S2. =T, defl,.... D},  (13b)
t?l/fd e Nan Ndh d,h™~d,h ) PRI )
0<nd7h§Nd7h, h € {1,...,Hd}, d e {1, ceey D}, (130)

where H = Zfl):l H, denotes the total number of strata.

We note the following regarding Problem 1.1.1:

e Constraints (13b) and (13c) together imply that any feasible T is nonnegative, thereby
preserving assumption (1.10).

e In practice, the values of ¢; and Sy are rarely known. In such cases, a common
approach is either to estimate them from previous studies (if available) or to use a
proxy variable that is highly correlated with the study variable y and for which data

are available. In the latter case, t; and Sz, are computed from the proxy data.

This thesis is entirely devoted to the analysis and solution of Problem 1.1.1, including
a detailed examination of its structure and the development of an algorithm, termed RDCA,
to solve it. A comprehensive overview of the contributions is provided in Section 1.4, while
Sections 1.2 and 1.3 review the related literature and present the motivation for studying

this problem.

For a single domain (i.e., D = 1), so that the entire population belongs to that
domain, Problem 1.1.1 reduces to the classical optimum sample allocation problem with
upper-bound constraints, a fundamental problem in survey methodology. See Sarndal

et al. [42, Sec. 3.7.31, p. 104| and Sérndal et al. [42, Rem. 12.7.1, p. 466] for discussion
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CHAPTER 1. INTRODUCTION

and a sketch of the solution procedure, known as the Recursive Neyman Algorithm (RNA).
A formal proof of the correctness of RNA is provided in Wesotowski, Wieczorkowski and
Wojciak [46]. Alternative algorithms are discussed in Stenger and Gabler [41], Friedrich,
Miinnich, de Vries and Wagner [14|, and Wright [49], with the latter two presenting
methods that produce integer-valued solutions.

The RNA is of particular relevance to this thesis, as its central idea was used in
the construction of the RDCA algorithm, one of the primary contributions of this work.
Specifically, RNA computes tentative allocations according to the formula given in [46,
Eq. (6), p. 1266] and then checks whether any allocation exceeds its stratum population
size. If a violation occurs, the allocation for the corresponding stratum is fixed at its
population size, and the allocations for the remaining strata are recomputed. The process
continues iteratively until no violations occur. Although the optimality condition [see
46, Th. 1.1, p. 1266] is not verified directly in its explicit analytical form, the structural
characterization of the solution implies that, once no feasibility violations remain, the
resulting allocation necessarily satisfies all optimality conditions and is therefore optimal.

This observation motivated the design of the RDCA algorithm.

1.2. Related Work

Choudhry et al. [8, Sec. 2.3, Sec. 4, pp. 24-25] studied a specific optimum allocation
problem closely related to Problem 1.1.1, but in a somewhat different setting: estimators
of domain means rather than domain totals were considered, the total sample size was
minimized, and constraints corresponding to (13b) were formulated as inequalities. The
authors solved the resulting problem using a general-purpose nonlinear programming
(NLP) method based on the Newton-Raphson algorithm.

A notable general-purpose algorithm, applicable to a certain class of optimum
allocation problems — including Problem 1.1.1 as a special case — was recently proposed
by Willems [48]. Its correctness has been assessed through simulation studies.

A review of the existing literature suggests that, aside from general-purpose
NLP numerical methods, no exact analytical algorithm currently exists for solving
Problem 1.1.1. The classical monograph by Valliant, Dever and Kreuter [43| provides
comprehensive coverage of nonlinear optimization methods for a wide range of optimum

sample allocation problems, including problems closely related to Problem 1.1.1. In
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1.2. RELATED WORK

particular, Chapter 5, Mathematical Programming, and Section 5.6, Allocation for
Domain Estimation, of the monograph are especially relevant.

Niemiro and Wesolowski [32], Wesotowski and Wieczorkowski [45], Khan and
Wesolowski [22], and Wesotowski [44], studied Problem 1.2.1, a simplified version of
Problem 1.1.1 that omits the upper-bound constraints ng, < Ng;, and includes an

explicit positivity constraint on 7'.

Problem 1.2.1. Given the parameters specified in Problem 1.1.1, find an allocation
vector n = (ngp, h € {1, ..., Hg},d € {1,..., D}) and a scalar T that solve the

following optimization problem:

minimize T (14)
(T,n) € RI+H
D Hy
subject to Z Z Nap =N, (15a)
d=1 h=1
L (s Y\ aest =7 aef1 ... D) (15h)
t?lfid Pt Nan Nd,h d,h~d,h T *> ) ottty )
ngp > 0, h e {1,...7Hd}, d e {1, Ceey D}, (150)
T > 0. (15d)

Recall that in Problem 1.1.1, the non-negativity of the optimal 7™ is ensured jointly
by constraints (13b) and (13c). Since the upper-bound part of the constraints in (13c)
is removed in Problem 1.2.1, an explicit constraint on 7" becomes necessary to preserve

assumption (1.10), ensuring that the variances (1.9) remain nonnegative at the optimum.

The authors cited above derived closed-form analytical formulas for the optimal
solution using the method of Lagrange multipliers. Their derivations led to an eigenvalue
problem, in which the optimal solution corresponds to a particular eigenpair of the
associated population matrix. Several of these results are used in this thesis and are
recalled in detail in Appendix G, following the notation introduced in Chapter 2. The
main limitation of this line of work is inherent in the problem formulation itself: because
upper-bound constraints of the form ng); < Ngj are not imposed, the resulting allocations

may exceed the available population sizes in some strata and thus be infeasible in practice.
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CHAPTER 1. INTRODUCTION

1.3. Motivation

As presented in Section 1.1, Problem 1.1.1 constitutes the central focus of this
thesis. The primary contribution of this work is the RDCA algorithm, which provides
a solution to this problem. The motivation for this research is twofold. First, there
is a practical motivation: this specific optimum allocation problem arises naturally in
important applications, and obtaining an optimal solution is essential for both efficiency
and precision. Second, there is a methodological motivation: to develop an analytical
algorithm that produces an exact solution to this allocation problem. In this section, we

elaborate on these motivations.

1.3.1. Motivation for studying the problem

As already indicated in Section 1.2, a simplified version of Problem 1.1.1, namely
Problem 1.2.1, has been studied in the literature, and a closed-form expression for its
solution is available. However, because this formulation does not include upper-bound
constraints of the form ng;, < Ngj, the resulting allocations may exceed the available
population sizes in certain strata, rendering them potentially infeasible in practice.

The motivation for studying Problem 1.1.1 is therefore clear: we seek an allocation that
minimizes the variances (1.9) under a fixed total sample size, while ensuring feasibility
with respect to strata population sizes and distributing an overall precision across domains
according to the desired domain-wise priority weights.

The work undertaken in this thesis can therefore be seen as a natural continuation
of the research initiated by Niemiro and Wesotowski [32| and subsequently extended by
Wesolowski [44], which addressed Problem 1.2.1.

1.3.2. Motivation for an exact analytical algorithm — limitations of

general-purpose NLP solvers

To the best of our knowledge, no exact analytical algorithm exists for solving
Problem 1.1.1. Approximate solutions can be obtained using general-purpose nonlinear
programming methods. These methods rely on iterative procedures to locate an extremum
of the objective function and do not exploit the specific analytical structure of the

allocation problem. Although NLP solvers often yield satisfactory numerical results
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1.3. MOTIVATION

(mainly because approximate solutions are typically rounded to integer sample sizes in
practice) they may suffer from numerical instability or convergence issues.

The RDCA algorithm proposed in this thesis is an analytical algorithm that produces
an exact solution to Problem 1.1.1. It is based on the sufficient optimality conditions
that characterize Problem 1.1.1 (formed in Theorem 3.2.8). These conditions provide
an explicit formula for the optimal solution, which depends on a particular set of strata
indices, referred to as the optimal take-max strata set. Once this set is identified, the
allocation follows directly from the corresponding closed-form expressions. In this way,
the algorithm leverages the problem’s analytical structure to efficiently determine the
optimal take-max strata set.

The proposed approach offers significant advantages in terms of numerical stability
and interpretability compared to general-purpose NLP numerical methods. It avoids
the convergence issues frequently encountered in iterative NLP solvers, which may fail
when initialized from unsuitable starting points or, in some cases, may not converge
at all. By exploiting the inherent analytical structure of the problem, the proposed
algorithm combines theoretical transparency with practical robustness, particularly when

the number of domains and strata is moderate.

1.3.3. Remark on allocations that are not necessarily integer-valued

In the formulation of Problem 1.1.1, we allow the solution to be non-integer, even
though the actual sample sizes are (positive) integers. There are two main reasons for
this choice.

First, introducing integer constraints significantly complicates the problem and
typically requires additional combinatorial considerations. Therefore, we chose to address
the non-integer version first, exploiting the analytical structure of the problem before
tackling the more complex integer-constrained case.

Second, integer-valued allocation methods are typically much slower than their
not-necessarily-integer counterparts. For example, in the classical optimum allocation
problem with one-sided upper-bound constraints (i.e., Problem 1.1.1 with a single
domain), the integer-valued CapacityScaling algorithm of Friedrich et al. [14] is
significantly slower than the RNA algorithm [see 46, Sec. 4, p. 1270]. Computational

efficiency is especially important when the number of strata is large (e.g., in the German
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CHAPTER 1. INTRODUCTION

census application; Burgard and Miinnich |7]) and becomes even more critical in iterative
stratification procedures, where the number of iterations may reach millions; see, e.g.,
Baillargeon and Rivest [2|, Barcaroli [3], Gunning and Horgan [16], Khan, Nand and
Ahmad [21], Lednicki and Wieczorkowski [25].

A natural remedy for a not-necessarily-integer-valued allocation is to round the optimal
non-integer solution produced by the algorithm. Overall, such a procedure may, in
general, be considerably faster than integer-valued allocation algorithms. However, it
should be emphasized that simple rounding can be problematic: there is no guarantee
that it preserves optimality, and it may even lead to an infeasible solution, as noted
by Friedrich et al. [14, Sec. 1, p. 3| in the context of the optimum allocation problem
considered in that work.

Despite these drawbacks, empirical evidence suggests that the loss incurred by
rounding may, in some cases, be negligible in practice. In particular, numerical
experiments reported in Wesotowski, Wieczorkowski and Wojciak [47, Sec. 6, p. 497|
show that, for Problem 1.1.1 with a single domain and strictly positive lower-bound
constraints on stratum sample sizes, the values of the objective function obtained from
the non-integer optimum allocation (both before and after rounding) and from the integer
optimum allocation are practically indistinguishable. Moreover, infeasibility arising after
rounding — specifically from violations of the total sample size constraint (13a) — can be
avoided by employing the rounding method of Cont and Heidari [10], which preserves

the integer sum of positive numbers.

Taking these considerations into account, it is justified to study Problem 1.1.1 in a

non-integer formulation.

1.4. Main Results

The main contributions of this thesis concern the detailed analysis and algorithmic
solution of the optimum allocation problem formulated as Problem 1.1.1.

The first major contribution is the theoretical analysis of Problem 1.1.1. We
investigate its solvability (see Proposition 3.1.5) and establish sufficient optimality
conditions (Theorem 3.2.8).  All results are derived using rigorous mathematical

reasoning and tools from convex optimization and matrix algebra. In particular, the
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1.5. ORGANIZATION OF THE THESIS

optimality conditions are obtained through the application of the Karush-Kuhn-Tucker
framework and the analysis of an associated eigenvalue problem. These conditions
are of central importance, as they provide the foundation not only for the design and
correctness proofs of the algorithm developed in this thesis, but also for any potential
future algorithms aimed at solving Problem 1.1.1.

The second major contribution is the Recursive Domain Controlled Allocation (RDCA)
algorithm — an exact analytical algorithm that solves Problem 1.1.1. In addition to
presenting the algorithm, this work rigorously establishes its definiteness and correctness
(the latter using Hoare logic [19]). Furthermore, an implementation of the RDCA algorithm
is provided in the R programming language, facilitating its application in real-world
surveys.

Together, these results establish both the theoretical framework and the computational
tools necessary for addressing Problem 1.1.1, contributing to a deeper understanding of

its mathematical structure and to the development of efficient algorithms for its solution.

1.5. Organization of the Thesis

The dissertation is organized into seven chapters, followed by several appendices
containing supplementary material.

Chapter 1 introduces the main topic of the thesis, formulating the problem from
an application-oriented perspective, discussing the motivation, and stating the primary
results. It also reviews the relevant literature and concludes with this structural overview
of the dissertation.

Chapter 2 introduces an abstract model representing the population and total sample
size. It presents basic properties of the model, which are essential for the proofs of
correctness of the RDCA algorithm defined later in Chapter 4. The chapter also introduces
several auxiliary functions that operate on domain-strata index sets, simplifying the
notation in subsequent chapters.

Chapter 3 defines the optimum sample allocation problem studied in this thesis as an
abstract optimization problem, referred to as the Controlled-Precision Domain Allocation
(CPDA) problem. This definition builds upon the notation and the model introduced
in Chapter 2. Furthermore, the chapter discusses the solvability of CPDA problem

and derives sufficient optimality conditions using the Karush-Kuhn-Tucker framework.
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These results characterize the structure of the optimal solution and provide the analytical
foundation for the algorithmic approach developed in the subsequent chapters.

Chapter 4 presents the primary contribution of this work: the RDCA algorithm for
solving the CPDA problem. After a formal definition, the chapter provides illustrative
examples to clarify its operation. It also introduces a modified version of an existing
algorithm, DCA, which serves as the base-case solver in the recursive structure of RDCA.

Chapter 5 is the first of two chapters dedicated to proving that the RDCA algorithm
solves the CPDA problem, thereby establishing the so-called total correctness of the
algorithm. This chapter introduces the notational conventions for program variables and
proves that the algorithm is well-defined and guaranteed to terminate. Furthermore, it
defines two key formal constructions — the Last-Branch Recursion Path and the take-max
strata sets V; — which are pivotal in establishing the algorithm’s correctness.

Chapter 6 provides the formal proof of the total correctness of the RDCA algorithm.
Building upon the structural groundwork laid in Chapter 5, this chapter systematically
verifies that the algorithm’s output satisfies the sufficient optimality conditions derived
in Chapter 3. This is the most analytically intensive part of the thesis, reflecting the
technical depth required to prove the algorithm’s correctness.

Chapter 7 summarizes the primary results of this thesis and discusses their
implications. It also outlines potential directions for future research, including
performance improvements to the RDCA algorithm and extensions of the CPDA problem
to incorporate additional constraints, such as integer allocations or lower bounds on

sample sizes within strata.

In addition to the main chapters, several appendices are included. These
provide supporting material on Perron-Frobenius theory, mathematical optimization,
and topological background. The final appendix presents the multi-domain
controlled-precision optimum sample allocation problem without upper-bound
constraints, which serves as the basis for the problem considered in this thesis.

Some appendices, particularly those covering selected mathematical material (e.g.,
topological facts), are extensive and contain numerous detailed definitions, theorems, and
related results. While most of them are familiar to mathematicians, they are included
here to make the thesis self-contained and accessible to practitioners in survey sampling,

who are also part of the intended readership.
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Chapter 2

Population - Total Sample Size Model

In Section 1.1, we formulated Problem 1.1.1, which is the central focus of this thesis.
This problem depends on numerous parameters, such as strata sizes, standard deviations
of the study variable within strata, the total sample size, and other quantities.

To streamline notation and facilitate subsequent analysis, this chapter introduces an
abstract model representing the population and sampling quantities, which constitute
the parameters of Problem 1.1.1. We define the model as a quintuple whose elements
satisfy specific conditions. Additionally, the chapter presents several auxiliary set
functions defined on the set of domain-stratum indices specified by the model. These
functions provide a consistent framework for referencing domains and strata throughout
the remainder of the thesis.

We begin by defining notational conventions for points indexed by pairs of natural

numbers.

2.1. Points Indexed by N?

Definition 2.1.1 (Lexicographic order on N?). Let i = (iy,45) € N? and j = (ji, jo) € N2

We say that i is less than j in lexicographic order, written i <o j, if
(7:1 < ]1) or (21 = jl and iy < jg) (21)
Example 2.1.1 (Lexicographic order on N?). For instance:

(27 3) <lex (3’ 2)7

(2,3) <iex (2,5).
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Let I C N? be nonempty and finite. Suppose a; € R for all i € I, and b € R. We

write:
(a;, 1 € 1) :=(a, , a’lll)’ 2.2)
(b, (a;, 1 € I)) = (b, aiy, .-, al\n)’
where i, € 1, ke {1, RN |[|}, and 11 <jex *** <fox Zm

For example, let I = {(2,3), (1,3), (4,8), (2,5)}. Then, for azs € R, (d,h) € I, and
b € R, we have
(b7 (ad,fh (d7 h) € I)) = (ba a3, a23, a5, a’4,8)' (23)

2.2. Model Definition

To provide a formal and compact notation for the population and sampling quantities
appearing as parameters in Problem 1.1.1, we introduce the notion of a model. A model
abstracts these quantities into a single object, collecting all numerical requirements so
that they are explicitly specified and can be consistently referenced wherever needed.
Moreover, this allows Problem 1.1.1 to be expressed in a purely abstract form as
Problem 3.1.1 (presented later in Chapter 3), where the model p encapsulates all relevant

parameters.

Definition 2.2.1. A model is defined as a quintuple (H, N, S, p, n), where:

HCN, 0<|H|< oo, (2.4a)
N = (Ngp, (d,h) € H) € NHI, (2.4b)
S = (San, (d,h) € H) e R, (2.4¢)
p=(ps, deD)ecR? (2.4d)
ne (o, S Ndﬁ}, (2.4¢)

(d,h)eH
with D= {d € N: 3neN, (d,h) € H}.

Definition 2.2.2. The class P of models is defined by
P = {(’H, N, S, p,n): (2.4) holds}. (2.5)

By Definitions 2.2.1 and 2.2.2, an element p € P is called a model. The components
of a model p = (H, N, S, p, n) represent the parameters of Problem 1.1.1 as follows.
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The set H represents all domain-stratum index pairs in the population; that is, (d, h) €
‘H indexes stratum Uy, with d indexing its domain U,. For simplicity, we often refer to
a domain Uy by d, and to a stratum Uy, by (d, h) (or sometimes by h if d is clear).

In Section 1.1 (see (1.1) and (1.3)), domains and strata were assumed to be indexed by
consecutive natural numbers starting from 1, i.e., d € {1, ..., D} and h € {1, ..., Hg}.
Definition 2.2.1 does not impose this restriction on H, which entails no conceptual change;
it is merely a matter of labelling.

The vector N represents the sizes of the strata, S the standard deviations of the study
variable within strata, and n the total sample size.

The vector p represents the product of the domain total ¢; and the square root of the
priority weight g, i.e., pg = tqy/kq, d € D (with D as in Def. 2.2.1). The assumption
Zfl):l kq = 1, stated in Problem 1.1.1, does not affect the solution and is therefore not

included in the model definition.

Example 2.2.1 (A model). Consider a population with two domains and five strata
(2+3), having domain totals t; = 2, t, = 3, priority weights k1 = 0.4, Ky = 0.6, and a
total sample size n = 350. The corresponding model (H, N, S, p, n) € P is given by

H= {<17 1)7 (17 2)7 (27 1)7 (27 2)7 (27 3)}>
N = (N11, Nia, Noj, Nao, Nos) = (100, 200, 150, 40, 50),

S = (S11, S12, Sa1, Sa2, So3) = (10.5, 2, 50.2, 30.7, 20), (2.6)
p = (p1, p2) = (1.26, 2.32),
n = 350.

The strata in the first domain are {(1,1), (1,2)}, and in the second domain
{(2,1), (2,2), (2,3)}.

Lemma 2.2.1. Let (H, N, S, p,n) € P, ACH, and z = (zap, (d,h) € H) € R pe
such that

Zdh > Nd,h, (d, h) S .A, (2.7&)
n = Z Zd,h- (27b)
(d,h)eH
Then
n> 3 Nuw) v (A:H A= N (2.8)
(d;h)eA (d,h)eH
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Proof. By (2.7b), we have

Z Zdh = Z Zd,h + Z 27a Z Napn+ Z . (2.9)

(d,h)eH (d,h)eA (d,h) EH\A (d,h)eA (d,h) eH\A

Since zqy, > 0 for all (d,h) € H, the last sum in (2.9) is strictly positive if A C H, and
thus

n > Z Ny (2.10)

no> > Na = n (2.11)
(d,h)eH

and therefore n = Z(dﬁ)g_{ Nap. O
Definition 2.2.3 (Family of admissible sets). Let p = (H, N, S, p, n) € P. The family

of admissible sets for p is defined by

Fp I{ACH2 n> Y Nd,h}- (2.12)

(d,h)eA

Remark 2.2.1. Let p = (H, N, S, p, n) € P. Then, by the condition (2.4e),
H & Fp, (2.13)

that is, every admissible set A € F, is a proper subset of H.

2.3. Auxiliary Functions

In this section, we define several set functions that will be used extensively throughout

the thesis to refer to domains and strata in a given model p € P.

Definition 2.3.1 (Set functions on domain-stratum index sets). Let (H, N, S, p, n) €

P. For any A C H, we define the following set functions:

5(A):={d€N: I eN, (d,h) € A}, (2.14a)
na(A) == {h € N: (d,h) € A}, d € 5(H), (2.14b)
vo(A) = {(d,h) € A: de O}, O C §(H), (2.14c)
(A) = i) (A), d € 5(H). (2.14d)
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Definition 2.3.2. For any p = (H, N, S, p, n) € P, we define the following functions:

Agn(p) = Nd;Sdh (d,h) € H, (2.15a)
calp) = > [A?VM, d e 5(H). (2.15b)
hena()y "

According to Definition 2.3.1, for a given A C H, §(.A) is the set of domain indices
corresponding to the strata in A, i.e., the projection of A onto its first coordinate.
Similarly, for any d € 6(H), na(\A) is the set of strata indices A within domain d such that

(d,h) € A, i.e., it collects the second coordinates of the pairs in A with first coordinate d.

Example 2.3.1. Let (H, N, S, p, n) € P be such that H = {(d,h) e N: d <5, h <4}
and let A = {(2, 1), (2, 3), (3, 4), (5, 2)}. Then:

5((2)) = ®7 '72(-/4) = {(27 1)? (27 3)}7

6(H) =11, 2, 3, 4, 5}, 14 (A) =0, (2.16)
5(“4) = {2’ 3, 5}7 V{2 3}("4) = {(27 1)7 (2 3) (3 4)}
na(A) = {1, 3}, Y9(A) — not defined as 9 ¢ §(H)

Corollary 2.3.1. Let (H, N, S, p,n) € P. For any A, BC H and any O, T C 6(H),
the following identities hold:

Yo(AUB) = 70(A) Uro(B), (2.17a)
Yo(ANB) =0(A) Nyo(B), (2.17b)
Yo(A\ B) = 70(A) \ 70(B) = v0(A) \ B, (2.17¢)
Your (A) = v0(A) U (A), (2.17d)
YorT(A) = 70(A) N7 (A). (2.17¢)
Moreover,
S(A\B) = 6(A)\ {d € 5(A): B D (A} (2.17f)

Proof. Most of these relations are straightforward. In the following, we prove only (2.17¢)
and (2.17f).
Let A, BC H and O C 6(H).
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(2.17¢): Let BY := H \ B. Since (B U BY) = vo(H), by (2.17a),

70(B%) = 7o (H) \ 10(B). (2.18)
Hence,
Yo(A\B) EY 6(A) N yo(BY)
“L0 0(4) N (Yo(H) \ 1o (B))
4 0(4) \ 10(B) = yo(A) \ B, (2.19)

where [1] holds because yo(A) C Yo (H).

(2.17f): For any d € §(.A),

ded(A\B) <= (A\B)#£0
Ya(A)\ B #0
v4(A) € B. (2.20)

!

Therefore,

0(AN\B) ={d € 6(A): 1a(A) & B} = 6(A)\{d € 6(A): n(A) € B} (2.21)

]

Remark 2.3.1 (Blocked domains). Let (H, N, S, p,n) € P and B C H. By (2.17f),
for any d € 0(H), the following equivalence holds:

ded(H\B) <= vlH) ¢B. (2.22)

If the set B is interpreted as the collection of blocked strata, then a domain d € 6(H)
is said to be blocked with respect to B if and only if all of its strata belong to B (i.e.,
va(H) C B). Consequently, by (2.22), 6(H \ B) represents the set of domains that remain

unblocked with respect to B.

Although the term “blocked” is used in Remark 2.3.1 in an abstract set-theoretic sense,
it is given a concrete operational meaning later in the context of the RDCA algorithm. This
notion and its interpretation play a central role in Section 6.2 of Chapter 6, where the

correctness of the algorithm is established.
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Corollary 2.3.2. Let (H, N, S, p,n) € P, ACH, and O C §(H). For any (d,h) € H,
<de SH\NA\O A h End(H\A)> e (dh)EvanoH) VA (2.23)

Proof. Let B :=H \ A, and fix an arbitrary (d, h) € H.
By Definition 2.3.1 of the functions 74, 0, and s\ 0, we have:

hen(B) <+« (dh)eB, (2.24a)
(d,h)ye B = dedib), (2.24b)
(d ES(H)\O A (dh)e B) =  (d,h) € wpp0(B). (2.24¢)

Combining these, we obtain

(d ciB)\O A he MB))
(3:24)

(deé(B) A dedH)\O A (d,h)eB)

LN (deé(%)\(’) A (d,h)ezs)

(2.24¢) (2.17¢)
= (d,h) €vsnoB) =" vsano(H)\ A, (2.25)
where [1] holds because the first conjunct is implied by the third, see (2.24b). O

2.4. Sums and Cartesian Products over the Set of
Domain-Stratum Indices H
In many situations, it is necessary to reorganize sums over the set of domain-stratum
indices H as iterated sums over domains and strata. To illustrate, consider a model

(H, N, S, p,n) € P and let A C H. Using the set functions defined in Definition 2.3.1,

a sum of a4 € R over (d,h) € A can be written as

Z ad.n = Z Z Qd p- (226)

(d,h)eA ded(A) heng(A)

Given a nonempty set A C H and a family of sets {Xqp}(4n)ca, the Cartesian product
over A is defined by

>< Xd,h = {(ad,h, (d, h) € .A) aqn € Xd,h for all (d, h) S A} (227)
(d,h)eA
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Chapter 3

The Controlled-Precision Domain Allocation

Problem

In this chapter, we rewrite the optimum allocation Problem 1.1.1 at a fully abstract
level, using the notational conventions and definitions introduced in Chapter 2. The
resulting formulation, stated as Problem 3.1.1, is referred to as the Controlled-Precision
Domain Allocation, or CPDA, problem.

The purpose of this rewrite is to express Problem 1.1.1 entirely in terms of the
population-total sample size model and the associated functions defined in Chapter 2.
This allows for a compact and uniform notation that simplifies both the statement of
results and the presentation of their proofs, while also providing a more formal and
rigorous framework.

Within this abstract setting, in Section 3.1, we establish the solvability of the CPDA
problem. This is done in two steps: first, we show that the feasible set is nonempty;
second, we prove that the objective function attains its minimum over this set.

In Section 3.2, we derive sufficient optimality conditions for a solution to the
CPDA problem. These conditions form the theoretical foundation for the algorithmic

developments presented in Chapter 4.

3.1. Problem Definition and Solvability

Throughout this section, for any subset X C R" (n € N), whenever we refer to X
as a metric space, we mean the metric space (X, m), where m is the standard Euclidean
metric restricted to X. We omit explicit reference to m in subsequent analysis as it is not

required for the results.

33



CHAPTER 3. THE CONTROLLED-PRECISION DOMAIN ALLOCATION PROBLEM

Problem 3.1.1 (CPDA). For a given model p = (H, N, S, p, n) € P, the CPDA(p)

optimization problem is defined as:

minimize T (3.1)
(T,z) € RxR"
subject to Z ZTap —n =0, (3.2a)
(d.h)EH
S Bl ) -T =0, d e §(H), (3.2b)
hena(H)
Tap — Nd,h <0, (d, h) eH, (3.2C)

where (T, ) = (T, (x4, (d,h) € H)) is the optimization variable, and the functions 4,

Na, Aan, and ¢4 are as defined in Definitions 2.3.1 and 2.3.2 in the context of p.

The formulation of Problem 3.1.1 uses the symbol « (instead of n as in Problem 1.1.1)

to emphasize that the solution to CPDA is not required to be integer-valued.

Corollary 3.1.1. Letp= (H, N, S, p, n) € P, and let
F:={(T, z) e Rx RE{‘: (3.2) holds for p} (3.3)

be the feasible set of the CPDA (p) problem. Then, for any (T, ) € F, the following hold:

T>0, (3.4a)

T'=0 <= x=N. (3.4b)

Proof. The result follows directly from constraints (3.2b) and (3.2c¢). O
Lemma 3.1.2. Let p = (H, N, S, p, n) € P. Suppose that ng(H) = {1, ..., [na(H)|}

for alld € §(H), and that |n;(H)| > 2 for some i € §(H).
Let H :={(d,h) € H: h #1} and define the set K by

K:={(T,%) e RxR™. (3.6) holds}, (3.5)
where:
[Aa.n(P)]) [Ag1(p)])?
7> e (30 P ) + 2, (360)
hena(H)
&= (zqp, (d,h)eH) e X (0, Nyl (3.6b)
(d,h)eH

Then K # () and K is a connected metric space.
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Proof. Observe that H # 0, since there exists i € 6(H) such that |n;(H)| > 2.
To show that K # (), choose & = (N;’h, (d,h) € ﬁ) and let T € R be sufficiently large
so that (3.6a) is satisfied. Then (7T, ) € K, and hence K # ().

To prove connectedness, let X := X(d e (0, Ngp), and define Ty, X — R by

() [Aan (@) [Ag1(p)]?
Trin (@) 1= dg%( D T )+ R ) (3.7)
henq(H)
For each (d, h) € H, the function kan: X = R, kgp(x) = ﬁ, is convex. Moreover, by

convention, a sum over an empty set is taken to be 0, which is convex. Consequently,
for each d € §(#H), the function inside the maximum is convex on X; hence, Ty, being
the pointwise maximum of finitely many convex functions, is convex. (see Prop. D.1).

Therefore, its epigraph
epi Thin = {(T, z)ERXX: T> Tmm('avz)} (3.8)

is a convex set. Since K = epi T, Theorem E.3.2 implies that K is a connected metric

space. ]

Lemma 3.1.3. Let p = (H, N, S, p, n) € P be a model satisfying the assumptions of
Lemma 3.1.2, and let the sets H and K be defined as in that lemmoa.
Define the function k: K — R by
- A ?
kKT, z) = Z A01(p) + Z Td,hy (3.9)

[Adn (@)
dGa(H) T - Zhend(ﬁ) dIEZ’h —I— Cd(p) (dvh)€ﬁ

where & = (x4, (d,h) € 7:2)
Then
k(K) = (0, Z Nd,h] (3.10)

Proof. First, recall that H # () by the assumptions of Lemma 3.1.2. Furthermore, the

constraint (3.6a) in the definition of K is equivalent to

A 2 Aaa(p)]?
T_ Z [dx;(:)] Z_Cd(p)—"%? dE(S(H), (311)

hena(H)
which ensures that each denominator in (3.9) is nonzero. Thus, k is well-defined.
To prove the lemma, we show that infx k = 0 ¢ k(K) and maxgx k = >_ ;e Nan-

From this, together with the continuity of £ and the connectedness of K, the result follows.
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infrk=0¢ k(K).
o k(K) C (0, +00).

Indeed, the first sum in (3.9) is strictly positive due to constraint (3.6a)
(equivalently, (3.11)), while the second sum is strictly positive due to (3.6b).

o Ve >0, k71((0, €]) # 0.
Choosing 245 € (0, Nyp] sufficiently small for all (d,h) € H and T € R large
enough (consistent with (3.6a)) ensures the preimage is nonempty.

Hence, infx k = 0. Since k(K) C (0,+00), we also have 0 ¢ k(K).

maxpg k= Z(d,h)e?—[ Nd,h‘

Let

(To, Zo) == (0, (Nup, (d,h) € H)) € K. (3.12)

We demonstrate that (Tp, o) € arg maxy k, by observing that (Ty, () simultaneously
maximizes both summands in the definition of k.

e Regarding the first summand, observe that for each d € §(H),

A 2
arg max | d’l[gzj)j(p)]z = argmin (T — Z %). (3.13)
T@)ek T — Eheﬁd(ﬁ) ﬂéd,h T Cd(p) (TE)ek hena(H) ’

Moreover, the system of inequalities in (3.11), which is part of the definition of K,
holds with equality for all d € §(H) at (T, &) = (Tp, xo).
Therefore, by (3.13), the point (7y, @) simultaneously maximizes each term of the
first summand and, consequently, the entire first summand.

e For any (T, Z) € K, by (3.6b), we have x4, < Ny, for all (d,h) € H. Since
Zo = (Ngp, (d,h) € H), it follows that

(T, o) € arg max Z T h- (3.14)
(T, 3)eK _
(d,h)eH

Because each of the two summands in the definition of & is maximized at (75, @), the

function k attains its maximum at that point, namely k(7Ty, o) = Z(d wen Nah-

Since K is a connected metric space (Lem. 3.1.2) and the mapping k: K — R is
continuous, Theorem E.4.3 implies that the image k(K) is connected in metric space
R. Consequently, Theorem E.3.1 implies that the image k(K) is an interval. Together
with the infimum and maximum bounds established above, we conclude

k(K) = (0, - Nd,h] (3.15)

(d,h)eH

[l
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Proposition 3.1.4. Let p=(H, N, S, p,n) € P, and let

F:={(T, z) e R x RM: (3.2) holds for p}, (3.16)
be the feasible set of the CPDA (p) problem. Then F # .
Proof. Without loss of generality, assume that p is such that ng(H) = {1, ..., |na(H)|}
for all d € §(H), and let H := {(d,h) € H: h # 1}. Define
G:={(T, z) e R xR™: (3.18) holds}, (3.17)
where @ = (244, (d,h) € H) and
A 2
Tgy = [ d’l[g)j(p)]Q , des(H), (3.18a)
T - Zh@?d(ﬁ) a;d,h + Cd(p)
> aqn=n, (3.18b)
(d,h)eH
[Ad.n(p)]? [Ad1 (p)]?
T> dg}%}{() < Z~ C;}LT —cq(p) + inJ ), (3.18c¢)
hena(H)
Td,h < Nd,h, (d, h) € ﬁ (318d)

Note that (3.18¢c) implies that the denominator in (3.18a) is strictly positive.
We prove Proposition 3.1.4 by showing that () # G C F.

G C F. Assume that (7, ) € G. Then (T, ) € R x RT', and for this point:

e (3.2a) holds due to (3.18b);

e (3.2b) holds due to (3.18a) and the fact that ngy(H) = nu(H)U{1} for all d € 6(H);
e (3.18a) and (3.18¢c) jointly imply (3.2¢) for h = 1, d € 6(H); while (3.18d) is

equivalent to (3.2¢) for (d, h) € H.

G # (. First, we consider the case H # (), that is, when the model p admits a domain
d € 6(H) with |ng(H)| > 2. For such p, let the set K and the function & be defined as

in Lemma 3.1.3.

Then, the constraints (3.18) defining the set G can equivalently be rewritten as follows:

[Ad,l(p)]2
A 2 bl
T = Y eniy 22 + culp)

KT, %) =n,

Ta1 =

(T, z) € K,
where & = (x4, (d,h) € H).
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Because

k(K) ¢ (o, 3 Ndﬁ] 57 n, (3.20)
(d,h)eEH

we conclude that there exists (7, €) € K such that k(T, ) = n. Therefore, there
exists (T, ¢) € R x R'fl satisfying (3.19). Thus, G # (.

The remaining case H = ) follows by similar arguments. Define

[Ada(p)]”

A
ity T+ Bl

k(T) := T > 0. (3.21)

Then, for H = (), the constraints (3.18) defining the set G can equivalently be rewritten

as follows:
A 2
Tgq = %, dedo(H), (3.22a)
d,1
T+ =% Ng1
k(T) =n, (3.22b)
T>0. (3.22¢)
Because
(2.4e)
B(0,00) = (0, > Nax| 5 m, (3.23)
(d,h)eH

we conclude that there exists T' > 0 such that k(7") = n. Therefore, there exists T' € R
satisfying (3.22). Thus, G # 0.

Proposition 3.1.5. Let p € P. An optimal solution to the CPDA (p) problem exists.

Proof. We aim to show that the objective function f(7', ) := T attains its minimum over
the feasible set F':= {(T, ) € R x R'fl: (3.2) holds for p}, where p = (H, N, S, p, n).

Since F' # () (Prop. 3.1.4), we may fix an arbitrary (Tp, @¢) € F and define the sublevel
set

Fo={(T,2) e F: f(T,z)<Ty} ={(T,z)c F: T <Tp} (3.24)

We will show that Fj, is nonempty, bounded, and closed in the metric space R, From

these properties and the continuity of f, we conclude that f attains a minimum on F.

Fy # (). This is immediate, as (Ty, €g) € Fy by the definition of Fj.
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Fy is bounded. For any (7', «) € Fy, we have T' < Tj and x4, < Ngp, (d,h) € H, so

(T, )] = \/ S < B 3 N, (3.25)

(d,h)eH (d,h)EH

Hence, by Theorem E.1.5, F} is bounded in R,

Fy is closed. From constraint (3.2b), for every (T, ) € Fy and each d € §(#H), we have

2 . 2
[Aan @)’ 3 Bl <7y co(p), b€ na(H), (3.26a)

ZTd,h Td,i
i€na(H)

which implies

Tdh > % = Mg, (d, h) cH. (326b)

Since Tp, > 0 (Cor. 3.1.1) and % < ¢q(p) for all (d,h) € H, it follows that
map € (0, Ngp| for all (d, h) € H.
Define the rectangle

X = [0, Tp] x < X [man, Nd,h])a (3.27)
(d,h)EH

and let
F,:={(T, =) € X: (3.2a) holds for p},
(3.28)
Fy:={(T, =) € X: (3.2b) holds for p}.
Then Fy = F,NF, (recall that (T, x) € F, implies T > 0 by Cor. 3.1.1). To show that
F, is closed in the metric space Rl it suffices to show that F, and F}, are closed,

since the intersection of two closed sets is closed (see Th. E.1.2).

Define the mappings k1: X — R and ky: X — RIFI by:

E xdh—n

(d,h)eH
(3.29)
Ba(T, @)= (3 Bl ) -7, de o).
hena(M)

Then F, = k;'({0}) and F, = k; *({0}).

The mappings k; and ky are continuous, and the sets {0} € R and {0} ¢ R are
closed in R and RO respectively. Thus, by Theorem E.4.2, F, and F}, are closed
in X. Since X itself is closed in R it follows from the transitivity of closedness
(Th. E.1.4) that F, and F, are closed in R'*®.  Consequently, their intersection
Fy = F, N F}, is also closed in R,
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Finally, since Fy is bounded and closed in R'*7 the Heine-Borel Theorem (Th. E.2.1)
implies that Fy is compact in R % Given that F, # 0 and the objective function f is
continuous on F' (and thus lower semicontinuous by Cor. E.4.4), the Weierstrass Theorem
(Th. E.4.5, point 3) guarantees that the set of minimizers of f over F' is nonempty.
Consequently, an optimal solution to the CPDA(p) problem exists. n

3.2. Optimality Conditions

In this section, we derive the sufficient optimality conditions for the solution to the
CPDA(p) problem, given a specific model p € P. These conditions, established in
Theorem 3.2.8, constitute one of the central results of this dissertation. The conditions
are characterized by certain set functions defined on the family of admissible sets F,
(recall Def. 2.2.3) and are parameterized by the model p. We begin by defining the

functions and matrix structures required for this characterization.

3.2.1. The Eigen operator and the function s

Definition 3.2.1 (Matrix D 4p,). Let p = (H, N, S, p, n) € P. Suppose that A € F, is

an admissible set for p, and let m := [0(H \ \A)|. The matrix D 4, € R™*™ is defined by
1

Dy, = aa' — diag(b), (3.30)
v n-— Z(d,h)eA Na,n
where the column vectors a, b € R™ are given by
ST Aun(p), d € 5(H\ A)) , (3.31a)
henqa(H\A)
b= ( S B e 5 A)) . (3.31h)
hena(H\A)

Remark 3.2.1. Let p € P, A € F,, and denote 6(H \ A) = {di, ..., d»}, where
= [0(H \ A)|. Then the matrix D 4, has the structure

~ 2 ~ ~
nag —bs, nag ag, ... nag aqg,
n ag, Qq, n CL?ZQ — bd2 c. n ag, aq,,
Dy = , , . . , (3.32)
nagq, aq,, nagqg, aq,, ... n adm drm,
where 1 :== —————=—, and vectors a = (a ag,)’, b= (b bg,, )" are
= ) - diy « -+ Wdpy) - diy -+ Vdm

"—Z(d,h)eA Na,n
defined as in (3.31) for the given p and .A.
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3.2. OPTIMALITY CONDITIONS

Following Definition 3.2.1, for a given model p, each admissible set A € F, defines a

matrix D 4, so that the family F, induces the class of matrices
{Dap: A€ F,}. (3.33)

Note that while each A uniquely determines a matrix D ), the mapping A — D 4,
is not necessarily injective; in other words, distinct admissible sets may yield the same

matrix.

Lemma 3.2.1. Let p € P. For every matriz D in the class {DA|p5 Ae ]-"p}, there exists

a unique eigenpair (A, v) € R x R™ such that
Dv = \v, |lv|| =1, v >0, (3.34)

where m is the order of the square matriz D. Moreover, X\ is the largest eigenvalue of D.

Proof. The following argument is based on the logic presented in Wesotowski and
Wieczorkowski [45, Proof of Th. 2.1, p. 2215] and Wesotowski [44, Sec. 3, p. 9].

Let D € {Dyuj,: A € F,}. Then D has the form (3.30) for some admissible set
A € F,, with the vector b = (b, d € O)7 defined as in (3.31b), where O = 6(H \ A).
Note that D is of order |O].

Let (A4, v4), d € O, denote the eigenpairs of D. Fix a constant k& > maxgeo by. Then
(D + k’I) Vg = ()\d + k’) Vy, de O, (335)

where I is the identity matrix of order |O|. Hence, the eigenpairs of the shifted matrix
D+ kT are (Mg + k, vg),d € O.

By construction, D + k1 is a matrix of order |O| with all entries strictly positive
(see (3.32)). Thus, by the Perron-Frobenius Theorem (see Th. C.1), there exists exactly
one dy € O such that (A, + k, v4,) € R, x R and:

Ady + k > max |Aa + k|, (3.36a)

vy, > 0, (3.36b)

||vd0|| =1, (336C)

Vd, 7é (R de O \ {do} (336d)

By setting (A, v) := (A4, V4,), We obtain a unique real eigenpair of D satisfying ||v|| = 1

and v > 0.
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Finally, (3.36a), in view of the fact that Ay € R for all d € O (since D is real and
symmetric), implies that

>‘d0 + k> Igleag(()\d + k?), (337)
which simplifies to \j, > maxgzeco A4, confirming that A is the largest eigenvalue of D. [

Remark 3.2.2. For a given matrix D € {DA|p: A e ]:p}, p € P, the eigenpair (A, v)
satisfying the conditions (3.34) is used in the RDCA algorithm (presented later in Chapter 4)
that solves the CPDA(p) problem. The fact that A is the largest eigenvalue is particularly
useful for the computational implementation of the RDCA, as it eliminates the need to verify
eigenpairs against these conditions. In practice, numerical linear algebra routines (e.g.,
the R base function eigen()) often return eigenpairs sorted by eigenvalue magnitude,
allowing the dominant eigenpair to be extracted directly without computing or inspecting

all eigenpairs individually.
Definition 3.2.2 (Eigen-operator). Let p € P. The eigen-operator is defined by
Eigen(A | p) :== (A, v), Ae F,, (3.38)

where (A, v) € R x R™ is the eigenpair of the matrix D 4, (as in Def. 3.2.1) satisfying
Dpv = Av, |lv|| =1, v >0, (3.39)

and v = (vq, d € §(H \ A)), with m := [0(H \ A)|.

Remark 3.2.3. The operator Eigen defined in Definition 3.2.2 is well-defined.

Proof of Remark 3.2.3. Let p € P. By Lemma 3.2.1, for any A € F,, the associated

matrix D 4, is of order m := [6(#H \ A)| and possesses a unique eigenpair (A, v) € R x R™

satisfying the conditions in (3.39). Consequently, Eigen(- | p) is well-defined. O

To illustrate the functioning of the FEigen operator, consider a model
p = (H,N,S, p,n) € P with 6(H) = {1,2,3}. Let A € F, be such that
6(H\ A) = {2, 3}. Suppose that (X, (w1, ws)) € R x R2 is the eigenpair of the 2 x 2
matrix D 4, satisfying ||(wi, ws)|| = 1. Then, Eigen(A | p) = (A, v), where the vector
v = (vg, v3) is defined by the mapping ve = w; and v3 = ws.

This example demonstrates that the original indexing from §(#) is preserved, even
when the dimension of the eigenvector v is strictly smaller than [0(H)|. In such cases,
although v has fewer components, its entries remain indexed by the corresponding subset

of 0(H), thereby retaining their identities relative to the full index set.
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Definition 3.2.3 (Function s). Let p = (H, N, S, p, n) € P. Function s is defined by

n— Z(i,h)eA Nin

s(A, v, d|p):= S emrero VA (D) U4, (3.40)
for:
e Ac F,
e v=(v;,i€d(H\A)eR
e dci(H\A).

Remark 3.2.4. The function s defined in Definition 3.2.3 is well-defined and s > 0.

Proof of Remark 3.2.4. Let A€ F,. Thenn > 37, c 4 Nap (by Def. 2.2.3) and H\A # 0
(by Rem. 2.2.1). Therefore, since vy > 0 for all d € 6(H\ A), the function s is well-defined
and strictly positive. O]

3.2.2. A relaxed auxiliary problem and its equivalence

Before formulating the optimality conditions for the CPDA problem, we introduce its
relaxed counterpart, REL-CPDA, defined in Problem 3.2.1. We show that REL-CPDA
is solution-equivalent to the original CPDA problem, meaning that their sets of optimal
solutions coincide. The specific structure of REL-CPDA facilitates a more direct analysis
of key properties which, by virtue of this equivalence, can then be extended to the original

CPDA problem.

Problem 3.2.1. (REL-CPDA) For a given model p = (H, N, S, p,n) € P, the
REL-CPDA(p) optimization problem is defined as:

minimize T (3.41)
(T,z) € RxR
subject to Z Zap —n =0, (3.42a)
(d,h)eH
S M@l )~ T <0 d e 5(H) (3.42b)
Tan d\P >~ U, ) .
hena(H)
Tdn — Nd,h S O, (d, h) € H, (342C)

where (T, @) = (T, (zap, (d, h) € 1)) is the optimization variable.

Proposition 3.2.2. Let p € P. The feasible set of the REL-CPDA (p) optimization

problem is nonempty.
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Proof. Define

F:={(T, ) e R x R™: (3.2) holds for p}, 5.13)
3.43
Fro:={(T, z) e R x RTI: (3.42) holds for p}.
Since (3.42b) is a relaxation of (3.2b), we have ' C F,;. Moreover, by Proposition 3.1.4,

F # (). Consequently, F # (0. ]
Proposition 3.2.3. Let p € P. An optimal solution to the REL-CPDA (p) problem exists.

Proof. Proposition 3.2.2 ensures that the feasible set of REL-CPDA(p) is nonempty.
Given this fact, the proof follows the argument of Proposition 3.1.5, with the only
difference being the treatment of the set Fj.

Let the point (T, x¢), the set X, and the function ks be as in Prop. 3.1.5. Define

Fy:={(T, =) € X: (3.42b) holds for p} = {(T, ) € X: ko(T, ) < 0}. (3.44)

Since (T, ) € X implies T < T, and x4, < Ngp, (d, h) € H, it follows that

(a(T, @), > 3 (Hosll - BoOB) > gy des(m),  (345)

Td,h Na,n
hena(H)
where (ko(T, x)) , denotes the dth component of the vector-valued function ks.
Therefore,

Fy = ky ' ([=To, 0]°04)). (3.46)

Since ks is continuous and [—7j, 0]'5(H)| is closed in R it follows that F} is closed in
X, and consequently in R,
The remainder of the argument is identical to that of Proposition 3.1.5 and yields the

existence of an optimal solution to REL-CPDA(p). O

Proposition 3.2.4. Let p € P. For the REL-CPDA (p) problem, all inequality constraints
in (3.42b) are active at the optimal solution (T*, x*), that is,

Z Aan®l® oy 7 =, d e §(H). (3.47)

nemay
Proof. Let (T*, «*) be an optimal solution to the REL-CPDA((p) problem, whose existence

is guaranteed by Proposition 3.2.3. Define the index sets

D, = {d esH): Y % —calp) < T*}, (3.484)
hena(H)

Dyi= M)\ Dy = {desr): > LBl ) =1} (3.48b)
hena(H)

To prove the proposition, we show that D; = 0.
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Constraints (3.42b) and (3.42c¢) imply that 7% > 0. We distinguish two cases for T*.

T* = 0. Constraint (3.42c) implies that for any feasible (T, x),

S Bubl ) >0, ded(H). (3.49)
heng(H)
Hence, D; = () when T* = 0.

T* > 0. Observe that, since the objective is to minimize 7', and the constraints in (3.42b)
impose lower bounds on T, at least one of these constraints must be active at
optimality. Hence, Dy # 0.

Assume, for contradiction, that D; # (). We show that, in this case, one can construct
a feasible point (f, @) with T < T, thereby contradicting optimality.
Choose

i € arg max( Z Han@l” cd(p)> and Jjeni(H). (3.50)

zy g,
DL ey

Because the inequality defining D is strict and Dy # (), there exist sufficiently small

values

z € (0, z7;), (3.51a)
Zdhy € (0, Nd,hd — ‘T:;,hd]’ de D, (351b)

such that:

2
Bl g S~ Pl ) <77, (3.51c)
' heni(H)\ {5}
2= zan, (3.51d)
deDo

Here, for each d € Ds, the index hy € {h € ng(H) : x}, < Nap} is arbitrary but fixed.
The sets {h € na(H) : xjj;, < Nan}, d € Dy, are nonempty because, by the definition
of Dy in the case T* > 0, we have
[Aan()]? _ [Aan(p)) [Aa.n ()
0< > BuOl_ )= Y (MwOl _Uel) o gep,  (352)
hena(H) hena(H)

Given (3.51b), by the definition of Dy, it follows that

2
Lang@ N B ) < TF, de Dy (3.53)

Tgn,t2dhg T
hena(H)\{ha}

Independently of (3.51), by the definition of D; we have

S BuOl ) <1, deD\ (i} (354)
henq(M) 7
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Now, define (TV, x) as follows. Let T € (0, T*) be such that the strict inequalities
in (3.51¢), (3.53), and (3.54) remain satisfied when T* is replaced by T3 such T clearly

exists. Let & = (Tqp, (d,h) € H) have the components

ij -z, if (da h) = (Zaj)
ZEd,h = Iz,hd + Zd hys if de Dg, h = hy (355>
T otherwise.
\ K

The point (T, ) is feasible for the REL-CPDA(p) problem as:
e = > 0 holds by construction, since z < xj; and zgp, > 0 (see (3.51a)—(3.51b));
e (3.42a) is satisfied due to z = ) ,.p Zan, (see (3.51d));
o (3.42D) is satisfied by the choice of T, since inequalities in (3.51¢), (3.53), and (3.54)
hold for the sets {i}, Ds, and Dy \ {i}, respectively, whose union is 6(H);
e (3.42c) is satisfied by the choice of z4,, (see (3.51b)).

Since T < T *  this contradicts the optimality of (T*, «*). Therefore, the assumption

D, # () must be false, and we conclude that D; = (). -

Lemma 3.2.5. For a given p € P, the CPDA(p) and REL-CPDA (p) problems are

solution-equivalent; that is, they share the same set of optimal solutions.

Proof. By Proposition 3.2.4, all inequality constraints (3.42b) of the REL-CPDA(p)
problem are active at any optimal solution (7%, «*), that is, they hold as equalities. From
this, we conclude that any optimal solution of REL-CPDA(p) is feasible and optimal
for CPDA(p). Conversely, any optimal solution of CPDA(p) satisfies the inequalities of
REL-CPDA(p) and attains the same objective value. Therefore, the two problems share

exactly the same set of optimal solutions. O

Proposition 3.2.6. Let p = (H, N, S, p,n) € P. The Karush-Kuhn-Tucker
conditions (F.11) are necessary and sufficient for a point (T*, *) € R x ]RE” to be a
solution of the REL-CPDA (p) problem.

Proof. The REL-CPDA (p) problem is a convex optimization problem because its objective
function and inequality constraint functions are convex on R X RE{‘, while its equality

constraint functions are affine (see Def. F.2.1 and Rem. F.2.2). By Theorem F.2.4, it
therefore suffices to verify the Slater condition for REL-CPDA(p) for the claim to hold.
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Let F be the feasible set of the REL-CPDA(p) problem. By Proposition 3.2.2, F' # ().
Let (Ty, xy) € F. Consider the inequality constraint functions related to (3.42b),

gu(T, w) = > Bl ey (T x)eRx R dedsH).  (3.56)

hengq(H)

For any (T, @y) where T' > T, we have gq4(T, o) < ga(To, o) < 0 for all d € 6(H).
Furthermore, such a point (7', @) lies in R x RLH‘ = relint(R x RLH‘), which is the relative
interior of the problem domain. The remaining inequality constraint functions (related
0 (3.42c)) are affine. This satisfies the Slater condition (F.12). Consequently, the KKT

conditions (F.11) are necessary and sufficient for optimality. O

3.2.3. Optimality conditions

Theorem 3.2.7 (Karush-Kuhn-Tucker conditions for the REL-CPDA problem). Let p €
P and (T*, x*) € R x RE{‘. Then (T*, x*) is a solution to the REL-CPDA (p) problem
if and only if there exist constants o € R, py > 0, d € 6(H), and pi3, > 0, (d,h) € H,

such that
1— Z =0, (3.57a)
des(H

o — il uzzh =0, (d,h) € H, (3.57b)
Y @i —n=0, (3.57c)

(d,h)eH
S Bl ) -1 =0, d e 5(H), (3.57d)

heng(H) Y

m;h — Nd,h < O, (d, h) S H, (357@)
tan (g, — Nap) =0, (d,h) € H. (3.57f)

Proof. The objective and constraint functions defining the REL-CPDA(p) problem are:

f(T, z) =T,
h(T, Z xdh —n,
(d,h)EH (3.58)
0T @)= 3 Bul g1 des),
heng(H)
9an(T, ) == xqn — Nap, (d,h) € H,

for (T, ) € R x R'f'.
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Their gradients are:

—1
0 o
0
1 0 0
0 . _ M@ 0
VT, z)=| |, VT, z)=| |, Va(T, x)= J.C‘“ , Vaar(T, )= |1],
0 . a0 0
L L xfl,Hd
0 0
0

where Hy := |na(H)|.
By Proposition 3.2.6, the Karush-Kuhn-Tucker (KKT) conditions (F.11) are necessary
and sufficient for optimality. Hence, (T, *) is a solution if and only if there exist KKT

multipliers o* € R, y; > 0, d € §(H), and pj; ), > 0, (d, h) € H, such that

L= > =0, (3.59a)
des(H)
o — [fi’;{fSl]Q + i =0, (d,h) € H, (3.59b)
h(T*, ) = 0, (3.59c¢)
ga(T*, 2*) <0, ded(H), (3.59d)
pyga(T7, ") =0, ded(H), (3.59¢)
gan(T*, z*) <0, (d,h) € H, (3.59f)
tg 5 9an(T", x*) = 0, (d,h) € H. (3.59)

To prove Theorem 3.2.7, it suffices to show that the systems (3.59) and (3.57) are

equivalent in the following sense: for any vector
€= (o, (i d € 5(H)). (i (d.1) € H)) € B x 0, 00)POHH (3.60a)
the following equivalence holds:
(T*, x*) satisfies (3.59) with ¢ <= (1™, x*) satisfies (3.57) with &. (3.60b)

Note that the two systems differ only in the conditions (3.59d)—(3.59¢) and (3.57d),
and let € € R x [0, 00)fHIHH
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(=) Suppose (T*, x*) satisfies (3.59) with £. By Proposition 3.2.6, (7™, «*) is an optimal
solution to the REL-CPDA(p) problem. Proposition 3.2.4 then implies that g4(7™, *) =
0 for all d € §(#H). This proves (3.57d). Since the remaining conditions in (3.57) are
identical to those in (3.59), they are also satisfied for (7™, *) and .

(<) Suppose (T*, x*) satisfies (3.57) with . Then gq4(T*, *) = 0 for all d € §(H).
Hence, (3.59d)—(3.59¢) hold. The remaining identical conditions confirm the equivalence,

completing the proof. O

Theorem 3.2.8 (Optimality conditions). Let p = (H, N, S, p,n) € P. A point
(T*, =*) € R s a solution to the CPDA (p) problem if it takes the form

0, f U =H Nap, (d,h) e U
T = Ty = (3.61)
N af U CH, s(U*, v*, d | p)Aan(p), (d,h) e H\U",
where ®* = (x},;,, (d,h) € H) and the set U* C H is such that one of the following two

cases holds:

Case 1:
n> S Nan, (3.62a)
(d,h)eU*
SCH\UY) = 6(H), (3.62b)
(A%, v*) := Eigen(U" | p), (3.62¢)
W¢ME%<@MEU*© wﬂvtMMZﬁﬂ. (3.62d)
CLase 2:
U =1, (3.63a)
n= Y Nu (3.63b)
(d,h)eH

Remark 3.2.5. In Case 1 of Theorem 3.2.8, condition (3.62a) is equivalent to U* € F,
(recall Def. 2.2.3). Therefore, by Remark 2.2.1, in this case we always have U* C H.

Proof of Theorem 3.2.8. By Remark 3.2.5, in Case 1 we have U* € JF,; hence,
Eigen(U* | p) is well-defined. Furthermore, U* € F, along with (3.62b) and (3.62c)
jointly ensure that s(U*, v*, d | p) is well-defined for all d € §(H). We also recall
Remark 3.2.4, which states that

s> 0. (3.64)
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In view of Lemma 3.2.5 and Theorem 3.2.7, to establish Theorem 3.2.8 it suffices to
verify that (7%, =*) € R/*l with components given by (3.61), satisfies the following two

conditions:

1. " e RE{‘;
2. there exist constants a* € R, pj > 0 for all d € 6(H), and 3, > 0 for all (d,h) € H,
such that conditions (3.57) hold for (7%, =*).

Proof of 1. This follows immediately from (3.61), in view of (3.64).

Proof of 2. We first prove conditions (3.57¢)—(3.57e).

(3.57¢): Suppose U* C H (Case 1). Then,

Z Q;;h (3.61) Z Nap + Z S(Z/{*, v, d ‘ p) Ad,h(p)

(d,h)eH (d,h)euU (d,h)eH\U*

3.40 n = Gaeur Nij .
(3.40) Z Nap + Z Z (ing) U vy Aan(p)

(d,hyeu (@ e = eru Vi P44 () (3.65)

@meru VaAdn(p)
- ZNthrn—ZN”ZG\ T
(d,h)eU* (irj)eU* (ig)eH\u* Vi fhisg

= n.
For U* = H (Case 2), we trivially have:
(3.61) (3.63D)
D Tan = Y, Nu o ="n (3.66)

(d,h)eH (d,h)eU*

(3.57d): In Case 2, (T*, *) = (0, N) by (3.61), so condition (3.57d) holds trivially.
Consider Case 1, where H \U* # () (Rem. 3.2.5). For each d € 6(H \ U*), define

2
a= Y. A and boi= Y el (367)

hena(H\U*) hena(H\U*)

Expanding the left-hand side of equation (3.57d) for d € §(H \ U*) gives

2
Z [Ad,ﬁ(p)] — calp) = T

e
(3.61) [Aan(p)]? [Aa.n () . [Aan(P]® =
o Z T Nan + Z s(U*,v*,d|p) Ag,n(p) Z Na,p, A
henq(U*) heng(H\U*) henq(H)
(3.40) Zz Hu*va‘kAij( )1 Ay n(p)]? «
o Dogue L 5 - 3 e
Gpeur NVig  Va hena(H\U*) hena(H\U*)
(2.26) N
. i * U' ai 1
8e7)  2issrue) g — g — N, (3.68)
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Substituting (3.68) into equations in (3.57d) yields

1
n—3 N > Uf@i) ag —bgvy = X"vy,  ded(H\U"). (3.69)
(LU TIN5 (H\U*)
Since (A%, v*) (302 Eigen(U* | p), Definition 3.2.2 of the Eigen operator implies

that v* = (v}, d € 6(H \ U*)). Thus, the system (3.69) can be written as

Dov* =\ v, (3.70)
where 1
D = aa' — diag(b),
n-— Z(d,h)eu* Na,n
a = (aq, d € 6(H \U*))T, (3.71)

b= (bs, d € S(H\UY)) .
Because U* € F, in Case 1, the matrix D coincides with Dy, (see Def. 3.2.1).
Using Definition 3.2.2 once more, we conclude that (3.70) holds, thereby

establishing condition (3.57d) for all d € 6(H \ U*) (20) S(H).
(3.57e): Note that % = % for all (d,h) € H. Then,
Na,n, d,h) e U*
a2V (d,h) (3.72)

(3.62d)
S(Z/{*, ’U*, d | p) Ad,h(p) < Nd,h, (d, h) eH \Z/{*

To prove the remaining conditions in (3.57), recall (3.64) and define the multipliers as

follows:
)
1 : *
o = 2des(w) s2(U*,v*,d|p)’ it U "C“ H
L5 it U*="H,
)
sS2U*, v, d | p)at, if U CH
Wy = deoH), (3.73)
\ kg, it U*="H,
( 52
. iy ;%h —a*, (d,h) e U*
Hapn =
\O, (d,h) € H\U",
where k£ € R and kg > 0, d € 6(H), are arbitrary constants satisfying
2
Y k=1 and koSt — k>0, (d,h) € H. (3.74)
i€5(H) !

The existence of such constants is evident. We first verify that all multipliers y3 and g,

are nonnegative.
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;> 0. This follows directly from (3.73).

., = 0. For (d,h) € U*, we have:

;

. s2(U*, v* d|p)a*h—a if U*CH
Hapn = 52 &
kd dh O[*’ lf Z/{*IH,
( * 2 * * Sgh : *
<04(s(b(,’u,d]p)ﬁ—l), it U*CH
kg Shn it U=
\ Pa

(3.75)

In the case U* C H, non-negativity follows from condition (3.62d), which ensures

S2

AU, v* d|p) d > 1.

(3.76)

The remaining case is ensured by the selection of k; and k, as specified in (3.74).

Finally, we verify that the remaining conditions in (3.57) are satisfied for the chosen

multipliers.

(3.57a):

Zﬂd

des(H)

2 * * 1 o . «
Zde&(%) 5 (u » U d ’ p> 2ies(m) s2(U*,v*,i|p) 1’ it U -,C«- H

S aesia ka = 1, it U=,

(3.57b): In view of (3.61),

[Aa,n(p)]?

Oé* - 2 (x* h)2 + lu::kl,h
52
o — Iu:; [Ai\/h;p)] + qu ;i_?,lh —af = 0’ (d, h) eur
- * o2 * * * [Ad,h(p)]2 _ *
o — U, v d | p)a 7 =0, (dh) €HA\U"

[s@,v*.d[p) Aan ()]

(3.57f): Holds trivially because

—Nd,h:O, (d,h) EZ/{*,
,u:f,h = Oa (d7 h) S \u*

52

(3.77)

(3.78)

(3.79)



3.2. OPTIMALITY CONDITIONS

According to Theorem 3.2.8, the pair (A*, v*) plays a crucial role in the optimality
conditions for the CPDA(p) problem when U* C H. By the definition of the Eigen
operator and due to condition (3.62b), the vector v* lies in RE(H”. In Corollary 3.2.9

below, we show that A* > 0.
Corollary 3.2.9. In Case 1 of Theorem 3.2.8, the pair (A\*, v*) satisfies A* > 0.

Proof. By (3.61), we have
Tap =sU", 0", d|p)Aan(p),  (d,h) e HA\U™.  (3.80)
Furthermore, condition (3.62d) implies

sU*, vt d | p) < Lo = Don (d,h) e H\U*. (3.81)

San  Aan(p)’

Combining these two, we obtain

35;,11 < Nd,lu (d, h) ceH \Z/{* (382)

By Remark 3.2.5, in Case 1, H\U* # (), so &* # N. It then follows from Corollary 3.1.1
that 7% > 0, which by (3.61) is implies A* > 0. O

Theorem 3.2.8 provides sufficient conditions for a point (7%, z*) € R to be a
solution to the CPDA problem, expressed in terms of a set * C H. The RDCA algorithm
developed in Chapter 4 always finds a solution of this form by identifying a suitable U/*
(see Theorem 6.4.2 in Chapter 6). Because the algorithm always returns a point satisfying
these sufficient optimality conditions, we can conclude that the set of optimal solutions
of this form is nonempty — something that could not be inferred from the conditions in
Theorem 3.2.8 alone. In this sense, the algorithm provides a constructive existence proof

for such solutions.
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Chapter 4

The RDCA Algorithm

In this chapter, we present the Recursive Domain-Controlled Allocation (RDCA)
algorithm, designed to solve the CPDA problem. The algorithm is based on the sufficient
optimality conditions of Theorem 3.2.8, which characterize an optimal solution in terms
of a particular subset U* C H, referred to as the optimal take-max set. This subset is not
known a priori. Accordingly, the primary task of RDCA is to identify the optimal set U/*.

To this end, RDCA employs the Domain-Controlled Allocation (DCA) algorithm as its
base procedure. For a given set U C H, DCA computes a candidate solution (7, x)
in the form specified by the optimality conditions (3.61), without verifying whether all
conditions of either Case 1 or Case 2 are satisfied. This verification is performed by RDCA
itself. If the candidate solution satisfies all required conditions, the algorithm terminates;
otherwise, the set U is updated to account for any violations, and the process continues.
As indicated in Chapter 1, the general approach of iteratively constructing an optimal
solution until the optimality conditions are satisfied was motivated by the RNA algorithm,
which solves the special case of the CPDA(p) problem for the model p = (H, N, S, p, n)
when |0(H)| = 1.

The DCA(p, U) algorithm extends the existing DCA(p, () procedure, which is described
in more detail in Appendix G. In this more general formulation, the input subset 4 C H
may be any set that satisfies the required conditions of the DCA(p, U), thereby enabling
its iterative application within the RDCA framework.

To illustrate RDCA in practice, we provide numerical examples that highlight the
algorithm’s recursive structure and how the optimal set U* is determined (see Sec. 4.2).

The formal proof of RDCA’s correctness is given in Chapter 6.
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4.1. Algorithm Definition

The definition of the RDCA algorithm is given as pseudocode in Algorithm 1. RDCA
is defined recursively over the domain set J C §(H), utilizing DCA as its base case.
DCA computes a tentative solution (7', x) for a given candidate set U C H according
to (3.61). We note that although the selection of j on line 2 is non-deterministic, we show

in Chapter 6 that this choice does not affect the optimality of the computed solution.

Algorithm 1 RDCA
Input: p=(H, N, S, p,n) e P,UCH, T CiH). > Def. 2.2.2 and 2.3.1

Require: ((n > > ameu Nap) or (U =Handn =37,y Nap)) and 6U) N T =0
and J # 0.
1: function RDCA(p, U, J)

2: jeJ > chosen arbitrarily
3 K<+ {(d,h) e H: d=j}

4: do

5: if | 7| =1 then

6: (T, ) < DCA(p, U)

7: else

5 (T, @) « RDCA(p, U, T\ {j})

9: end if

10: Y« {(d,h) € K: xqp > Nyp} > @ = (zap, (d,h) € H)
11: if Y # () then

12: U—-Uuy

13: K+~ K\Y

14: end if

15: while ) # ()
16: return (7, )

17: end function

RDCA takes three arguments: the model p € P and the auxiliary parameters Y C H
and J C §(H). Parameters U and J facilitate the algorithm’s recursive structure. For a
given model p = (H, N, S, p, n) € P, the CPDA(p) problem is solved by RDCA(p, U, J)
withd = ) and J = §(H). Numerical examples in Section 4.2 provide further illustration.
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4.1. ALGORITHM DEFINITION

Algorithm 2 DCA
Input: p=(H, N, S, p,n) € P, U CH. > Def. 2.2.2

Require: (n > >, Nan) or (U =H and n =3 ;s Nan)-
1: function DCA(p, U)
2: if Y = H then

3: T<+0

4: else

5: (A, v) « Eigen(U | p) > Def. 3.2.2
6: T+ A

7: end if

8: return (7, ) where x4, = N (k) eU > Def. 3.2.3

sU, v, d|p)Aan(p), (d,h)eH\U
9: end function

As indicated in the introduction of this chapter, the key task of RDCA(p, 0, 6(H)) is
to identify the unknown set U* C H corresponding to the optimal solution (7%, *) of
the CPDA(p) problem for a given p = (H, N, S, p, n) € P. The algorithm achieves this
by iteratively and recursively refining a candidate set 4 C H, guided by the sufficient
optimality conditions of Theorem 3.2.8. At the base case of the recursion, DCA is used
to compute a pair (7', ) in the form specified by (3.61) for a given set . This pair is
then propagated to higher recursion levels, where violations of the inequality constraints
x < N are checked. If no violations occur at any recursion level, (T, x) constitutes a
solution; otherwise, the set U is updated and the procedure is repeated.

To handle multiple domains, RDCA employs recursion. When |J| > 2, the algorithm
selects a domain j € J and recursively invokes the algorithm on the reduced set J \ {j}.
This produces an allocation that satisfies & < IN for all domains in J\{j}, but may violate
these constraints within domain j. Such violations are resolved iteratively by including
the corresponding strata in the set &/ and recomputing the allocation until all inequality
constraints for domain j are satisfied. By construction, each level of recursion resolves
violations in a single domain, ensuring that upon termination, no violations remain in
any domain of 7.

Consider the set U that is passed to DCA when it is invoked, that is, at the recursion

level where |J| = 1. Following the definition of the DCA algorithm (see line 8), this set
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CHAPTER 4. THE RDCA ALGORITHM

can be viewed as the collection of strata (d,h) € H that are blocked at Ngj. During
the execution of the algorithm, it may occur that, at this base-case level, all strata of a
given domain belong to U; this situation is referred to as a domain blockage (consider
Rem. 2.3.1 for B = U). This case is illustrated by the numerical example in Section 4.2.1
and analyzed in detail in Section 6.2 of Chapter 6.

Observe that, at any recursion level, a set U containing all strata of some
domain cannot coincide with the optimal set U* when n < Z(d,h)e% Ny and RDCA
is initially invoked with J = §(H). Indeed, in this case we would have T = 0 (by

constraint (3.2b)), and consequently, Corollary 3.1.1 implies * = IN. This would yield

(3.2a) * ..
=" D (amen Tan = do(anyen Nan, contradicting n < 37, g Nap-

An important aspect of the RDCA algorithm is that, by checking for violations of the
inequality < IN, it implicitly ensures that all conditions defining the optimal set U* —
namely, (3.62) or (3.63) — are satisfied. A formal proof of this implication is provided in
Chapter 6.

For completeness, we indicate that the well-definedness and termination of RDCA are
established in Proposition 5.2.2 in the subsequent Chapter 5. Specifically, we prove that

every recursive invocation of RDCA or DCA satisfies the specified input requirements.

4.2. Examples

To illustrate the RDCA algorithm, we present three numerical examples using artificial
populations with two and three domains, comprising four and six strata, respectively.

The numerical results in this section were obtained using R with the rdca() and dca()
functions from the stratallo package, which implement the RDCA and DCA algorithms,
respectively (see Sec. 4.3). For reproducibility, we note that R represents numbers
in double-precision floating-point format; consequently, all computations are performed
with finite precision rather than symbolic arithmetic. Floating-point values reported in
the tables are rounded for presentation purposes only, with rounding applied after all
computations are completed.

In this context, since p and its component-wise square p? are arguments to the rdca()
and dca() functions, we clarify that p is computed as t o /k, and p? is then obtained
directly from p rather than as t* o k (where o denotes the Hadamard or component-wise

product).
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4.2.1. Two domains

We first consider a population with two domains and four strata, and examine the

allocations for two different total sample sizes, as detailed in Table 4.2.1.

Table 4.2.1: Optimum allocations for two total sample sizes across two domains

and four strata.

(H) | H N S t kK | p=tok x* x*
(1,1) | 100 10 100 100
1 2 0.4 1.3
(1,2) 200 2 65.4 131.5
(2,1) 150 50 150 150
2 3 0.6 2.3
(2,2) 40 30 34.6 38.5
total sample size n 350 420

The invocation hierarchy of the RDCA algorithm for the population in Table 4.2.1 and
total sample size n = 350 is illustrated in Figure 4.2.1.

Figure 4.2.1: Recursive invocation diagram of RDCA for the model p = (H, N, S, p, 350)
given in Table 4.2.1. Boxes represent calls to RDCA or its base case DCA, with arrows
indicating the order of calls and returns. The table on the right reports the output
(T, x) for each invocation, indexed by the corresponding step number. Blue cells indicate
take-max allocations (i.e., full allocation of the stratum size), while red cells indicate

allocations exceeding the stratum population size.

step no. T T11 @ 12 @ X211 X22
[RDCA(p, 0, {1,2})} (T 2|12
‘ 1
= RDCA(p., 0, {1} 6|<5

2
== DCA(p, 0) 3| 5756 [0 475 B0 25.2

4
—{DCA(p, {(1,1)}) | 5| 967.3 11000 63.2 JBO 25.1
% RDCA(p, {(2,1)}, {1}) 12|« 11

8
LgDCA(p, {20} o 7234 [N 46.8 1150 36.1

10
pCA(p, {(2.1), (1,1)})] 11| 10301 JEGAN 65.4 JHBON 346
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In the outermost invocation of RDCA, domain j = 2 is selected from the set J = {1, 2}.
The do-while loop iterates twice, resulting in two recursive RDCA calls (step numbers 1
and 7 in Fig. 4.2.1). These recursive calls ensure that the inequality constraints (3.2c)
are satisfied for all strata in domain 1. As the recursion proceeds, the following four sets

arise as candidates for the optimal set U/*:

0. {@ny  A{enh  A{@D @D}
For each candidate set, a tentative allocation is computed using DCA, as illustrated in the

diagram. Since the allocation corresponding to U = {(2,1), (1,1)} satisfies all inequality

constraints, this set is identified as the optimal set U/*.

As a second example, we consider the allocation for the population in Table 4.2.1 and

total sample size n = 420. The RDCA invocation diagram is shown in Figure 4.2.2.

Figure 4.2.2: Recursive invocation diagram of RDCA for the model p = (H, N, S, p, 420)
given in Table 4.2.1. Boxes represent calls to RDCA or its base case DCA, with arrows
indicating the order of calls and returns. The table on the right reports the output
(T, x) for each invocation, indexed by the corresponding step number. Blue cells indicate
take-maz allocations (i.e., full allocation of the stratum size), while red cells indicate

allocations exceeding the stratum population size.

step no. T T11 @ 1,2 0 X271 1 T22

'RDCA(p, 0, {1,2})} (T, )|~ 14

1
HS:{RDCA(pa Q)a {2})J 8|7
=+ DCA(p, 1) 3| —1474.4 1688 c6.3 JGHE 25.9
= DCA(p, {(2,1)}) 5| -1210.2 - 632 150 [48.9]

VW

——pea(p, {(2.1). (2.2)))] 7| -vaso R o NN
I RDCA(p, {(1, 1)}, {2})] ale 13 -

10
LgDCA(p, {1, 0} 11| 233.1 -136.4- 25.3

12

S*DCA(p, {(1,1), (2,1)})) 13| 2604 TGN 131.5 FIBON 38.5
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In this example, the outermost RDCA invocation selects domain 7 = 1 from the set
J = {1, 2}. This invocation performs two iterations of the do-while loop, resulting in
two recursive RDCA calls (step numbers 1 and 9 in Fig. 4.2.2). These recursive calls manage
the allocation to ensure that the inequality constraints (3.2c) are satisfied for strata in
domain 2, while the outermost invocation handles strata in domain 1. The sequence of

candidate sets for the optimal U* is:

0,  {@Dy A&, 22}  {GDL @D, 2D}

The allocation corresponding to U = {(1,1), (2,1)} satisfies all inequality constraints;
hence, this set is identified as the optimal set U/*.

Importantly, this example differs from the previous one in that a domain-blockage
scenario occurs. Specifically, during the second iteration of the do-while
loop in the RDCA(p, (), {2}) invocation, the allocation from DCA(p, {(2,1)}) is
x = (157.9, 63.2, 150, 48.9), where x95 = 48.9 > 40 = Ny 5 (see step 5). Consequently,
RDCA(p, 0, {2}) appends stratum (2, 2) to its set U, resulting in all strata from domain 2
being included in U; that is, the entire domain 2 is blocked. In the subsequent iteration,
DCA(p, {(2,1), (2,2)}) computes the allocation for all domains, in particular yielding
Ty = Noj and x99 = Nao (see step 7). This is the final iteration of the loop, and
hence, RDCA(p, 0, {2}) returns (step 8) the allocation in which domain 2 is allocated at
its maximum size. Note that the outermost invocation, RDCA(p, 0, {1,2}), proceeds to
its second iteration of the loop because the allocation for stratum (1,1), x1; = 164.3,
exceeds the stratum’s size. Finally, the optimal U* = {(1,1), (2,1)}; hence, no domain is
blocked. The optimal allocation for domain 2 is 5, = Ny = 150 and 25, = 38.5 < Na;

that is, only part of domain 2 reaches its maximum allocation.

4.2.2. Three domains

To illustrate the RDCA algorithm for a population with three domains, we consider the
population described in Table 4.2.2. The corresponding RDCA function invocation diagram

is shown in Figure 4.2.3.
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Table 4.2.2: Optimum allocation for a population with three domains

and six strata.

(H) | H N S t K | p=tok x*
(1,1) 100 10 89.1
1 2 0.3 1.1
(1,2) 100 30 100
(2,1) 100 50 100
2 3 0.2 1.3
(2,2) 100 10 84.5
(3,1) 100 50 95.0
3 9 0.5 6.4
(3,2) 100 6 114
total sample size n 480

As already pointed out, in the RDCA algorithm, each recursive invocation selects a
domain j from the current set J of available domains. This selection is independent within
the current set of available domains, although the set J itself is constrained by choices
made in higher levels of recursion. Consequently, different branches of the recursion tree
may correspond to different domain selections.

The example shown in Figure 4.2.3 illustrates one such execution path: in the
outermost recursion, domain j = 1 is selected, followed by domain j = 2 at the next
recursive level, and finally domain j = 3 in the innermost recursion. This represents one
possible trajectory through the algorithm’s recursive space and serves as a single example
among various potential domain selection sequences. Specifically, in the invocation
RDCA(p, 0, {2,3}), domain j = 2 was chosen from the set {2,3}; however, domain j = 3

could have been selected instead.

4.3. Implementation in R

The RDCA algorithm is implemented in R as the function rdca() in the stratallo
package. The DCA algorithm is also available in the same package as the function dca().
This package, developed and maintained by the author, provides functions for various
optimum allocation problems (see Wojciak [51]) and is available on the Comprehensive
R Archive Network (CRAN) [35]. See also Remark 3.2.2 for a relevant implementation
detail concerning the DCA procedure.

The source code of the stratallo package is hosted on GitHub (see Wojciak, Wesotowski
and Wieczorkowski [52]).
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Figure 4.2.3: Recursive invocation diagram of RDCA for the model p = (H, N, S, p, 480)
given in Table 4.2.2. Boxes represent calls to RDCA or its base case DCA, with arrows
indicating the order of calls and returns. The table on the right reports the output
(T, x) for each invocation, indexed by the corresponding step number. Blue cells indicate
take-max allocations (i.e., full allocation of the stratum size), while red cells indicate

allocations exceeding the stratum population size.

step no. T 1,1 0 1,2 © L21 0 T22 0 X310 X32
'RDCA(p, 0, {1,2,3})| (T, )|« 26
‘ 1
> RDCA(p, 0, {2,3})} 14|13
‘ 2
> RDCA(p, 0, {3})| 7|6

3

; 4|-1863.9 40.0 [EENINGEE 2.4« B 159

DCA(p, {(3,1)}) | 6| 200 40.0 BSOS 2.1 JH60Y s1.6

5" RDCA(p, {(2.1)}, {3))|
9

L%DCA(}), {(2,1)})] 10| 936  40.0 — 98.3 - 13.1
11 H H H H

—{DCA(p, {(2,1), (3, Y| 12| 2656 39.0 [EEBRENEG0N 95.4 JHO0N 25.1

15 |8

[y

3«12

——=RDCA(p, {(1,2)}, {2,3})] .
16
L%RDCA@, {(1,2)}, {3} 21|20

17
ngDCA(p, {(1,2)})} 18| —507.5 [GHE 100" TSI 23.2 FBONN 14.4
19
23.1 1100 43.0

2 = DCA(p, {(1,2), (3,1)})} 20| 117.6  98.6

100 5553
—{RocA(p, {(1,2), 2, 1)}, {3)] 25|+ 24

23

QDCA(J% {(1,2), 2, )})| 24| 10178 s9.1 JHOGENTGON

84.5  95.0 114
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Chapter 5

Structural Properties of the RDCA Algorithm

This chapter and the one following are dedicated to establishing that the RDCA
algorithm solves the CPDA problem. While the ultimate proof of total correctness
is presented in Chapter 6, the current chapter provides the necessary groundwork and
foundational structural characterization of RDCA upon which the proof of correctness is
built.

Section 5.1 introduces notational conventions for referencing the values of program
variables across loop iterations and recursive invocations. These conventions provide the
formal foundation for the entire analytical development of both this and the following
chapter.

In Section 5.2, we show that RDCA is well-defined and guaranteed to terminate.
Well-definedness means that at each iteration of the loop, the input parameters to DCA
and to recursive invocations of RDCA satisfy all required preconditions, while termination
ensures that the algorithm halts after a finite number of steps.

Section 5.3 describes fundamental relationships among the variables of RDCA, which
are used repeatedly throughout the proofs in Chapter 6.

Section 5.4 defines the Last-Branch Recursion Path, a sequence of recursive RDCA
invocations that are pivotal to proving the correctness of the algorithm.

Section 5.5 defines a sequence of take-max strata sets V; induced by the corresponding
sequence of Last-Branch Recursion Paths. As demonstrated later in Chapter 6, the
terminal set V;« coincides with the optimal set &* from Theorem 3.2.8, providing the

key link to the final optimality proof.

Throughout this and the following chapter, the phrase “consider an RDCA(p, U, J)

program” (or simply “an RDCA(p, U, J) program”) refers to the RDCA program for an
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arbitrary but fixed input p, U, J, meeting the requirements specified in Algorithm 1.
This encompasses the collection of program variables, their values, and the algebraic
relationships that govern them during execution. The same convention applies analogously

to the phrase “an DCA(p, U) program”.

5.1. Notational Conventions

The RDCA(p, U, J) program has two structural characteristics that necessitate
additional notation for referring to the values of program variables: (i) the do-while
loop (lines 4-15), in which the values of the variables (T, x), Y, U, and K are updated at
each iteration; and (ii) potential further recursive invocations of RDCA, each with different
values of the input parameters.

In the analysis that follows, we need to distinguish between the values of variables both
across recursive invocations and across successive iterations of do-while loop within a
given invocation of the program. To facilitate this, we introduce a notation that makes

these distinctions explicit.

Recursive-invocation index. Consider the RDCA(p, U, J) program. To distinguish
between the different recursive invocations triggered by this program, we introduce a

recursion index r and denote by
RDCA(p, U, 7)) (5.1)

the invocation associated with r. The precise meaning and admissible values of r will
be clarified in Section 5.4, where the Last-Branch Recursion Path is introduced. At this
stage, it suffices to state that r will be defined as a pair of nonnegative integers.

To refer to the value of a variable in an invocation associated with r, we attach the
recursion index r to the variable. That is, every program variable in the invocation
RDCA(p, U™, J() carries this index. For example, j( denotes the value of the variable
4 in the RDCA(p, U™, J™)) program.

For the outermost invocation RDCA(p, U, J), this index is typically omitted.
Nevertheless, in some cases we retain the index r even for the outermost invocation. This
allows for a unified analysis of all invocations of interest, without the need to separately

distinguish between the outermost and recursive invocations.
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Loop-iteration index. To distinguish between different iterations of do-while loop
within a given invocation RDCA(p, U™, J(™), we introduce a second index i, defined as
follows. For any variable z of the RDCA(p, U™, J) program that is updated during
do-while loop, we denote by

P (5.2)

the value of z at the end of the i-th iteration of the loop, that is, immediately after line 14
and before line 15. The variables indexed in this manner include (7, ), Y, U, and K.
The iteration index i ranges over the set I defined by
N, if iy =00
I:= (5.3a)
{i e N: <X}, if it < oo,
where

it = inf{i € N: Y0 = ¢}, (5.3b)

denotes the final iteration of the loop in the invocation indexed by 7. For completeness,
we adopt the convention inf () = oo, since at this stage we have not yet established that the
set under the infimum in (5.3b) is nonempty. Proposition 5.2.2 later shows that i} < oo.

Among the variables that are updated during do-while loop, two of them — U and K

— already exist before the loop is entered. For these variables we define
Um0 .— 1) and K0 = o) (5.4)

and we let the index ¢ = 0 represent their state immediately before entering the loop.
Only these two variables have well-defined values at iteration 0.

As noted in the previous paragraph, for the outermost invocation, we typically omit
the recursion index r. This also applies to the final loop iteration index i) (written simply
as i*), as well as to loop-updated variables z("% (written simply z®), for i € {1, ..., i*}.
In general, the applicable notation should be clear from context; whenever ambiguity

might arise, it is stated explicitly.

In accordance with the indexing rules introduced in this section, we present an
alternative formulation of the RDCA program using indexed variables (see Algorithm 3). In
this version, all program variables are explicitly indexed by the recursion index r and the
loop iteration ¢. This formulation provides a clearer view of the algorithm’s progression

and facilitates the subsequent analysis.
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Algorithm 3 Indexed version of the RDCA algorithm
1: function RDCA(p, U™, J)
9. e g
3 KU« L(dh)eH: d=7iT} UTO Y™
4: forie{1,...} do

5: if | 7| = 1 then

6: (T (D)) « DCA(p, UT*~Y)

7: else

8: (T (D) « RDCA(p, UT#=D F)\ {51}
9: end if

10: YD e L(d,h) € KD 23 > Ny ) > a2 = (a7, (d,h) € H)
11: if Y% £ () then

19: U gyrimD) | P(ra)

13: D) JCtrii=1) \ P(rsi)

14: else

15: iy 41

16: break

17: end if

18: end for
19: return (T("ﬂ'fn)7 z(Tiir))

20: end function

To conclude this section, we remark that the vast majority of results in the subsequent
sections, as well as in Chapter 6, concern only the outermost invocation RDCA(p, U, J).
For this reason, the recursion index r is typically omitted in accordance with the
conventions established earlier. The use of recursive indices is reserved for specific cases

where the recursion depth is analytically relevant (e.g., in Def. 5.5.1 and Lem. 5.4.3).

5.2. Definiteness and Termination

In this section, we prove that the RDCA program is well-defined and guaranteed to
terminate. By well-definedness, we mean that the preconditions of both RDCA and DCA
are satisfied whenever these programs are invoked. This property is formally stated in

Proposition 5.2.2, which constitutes the main result of this section.
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Lemma 5.2.1. The DCA(p, U) program returns (T, x) satisfying:

x = (2, (d,h) € H) e R, (5.5a)
Tan = Nap, (d,h) €U, (5.5b)
Z Tap =N, (5.5¢)
(d,h)eH
1 1 ) 6(H), if U=H
)4 =T, deD:= 5.5d
> (o ) Mantr) (5.5)

hena(H) S(H\U), if U H.

Remark 5.2.1. Based on line 8 of the DCA algorithm, the set U is interpreted as the
collection of strata (d, h) € H that are blocked at their upper bounds N, ;. Consequently,
following Remark 2.3.1 with B = U, the set 6(H \ U) represents the domains that remain
unblocked with respect to U. When U C H, the equation in (5.5d) is required to hold

only for these unblocked domains; it may not hold for domains that are blocked by U.

Proof of Lemma 5.2.1. Let p= (H, N, S, p, n) € P and U C H satisfy the precondition
of DCA(p, U), namely

<n> Z Nd,h> V (U:’H N n= Z Ndﬁ). (56)
(d,h)eU (d,h)eH

Case 1: U = H. By the definition of the algorithm, 7" = 0 and x4, = Ny for all
(d,h) € H. Then properties (5.5) hold immediately.

Case 2: U C H. Define p = (71, /Nv, S, p, n) with

H:=H\U,
N = (Nup, (d,h) € H), p = (pa, d € 5(H)), (5.7)
g = (Sd,h: (d, h) € ﬁ), n:=mn-— Z Ndﬁ.

(d,h)eU

(5.6) _ _
Since n — Z(d meu Nan >0, the quintuple p satisfies Definition 2.2.2, and hence p € P.
Let (T, ) and (T, &) be the points returned by DCA(p, U) and DCA(p, (), respectively.

By Definition 3.2.1, we have Dy, = Dyj5, and consequently:

(A, v) := Eigen(U | p) = Eigen(0 | p), (5.8a)
= D iyeu Nig
sU, v, d|p)Air(p) = ) — vg Aan(p
( |7) Aan(p) Z(i,j)e?—[\u viAi j(p) ¢ Aan(p)
=s(0, v, d|p)Aan(d),  (dh) e H\U="H. (5.8b)
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From (5.8) and the definition of DCA, we obtain:

~ Nap, (d,h)elU
T=T and Tagn = (59)

Tan, (dh)eH\U=H.
On the other hand, by Remark G.3, we have
% c rI™ 1 1 > _ ~
Rl S G=i Y (5o )JAaB =T, ded(H). (5.10)

~ NTdn Nd,h
(d,n)eH hena(H)

In view of (5.9) and (5.10), properties (5.5a) and (5.5b) hold directly. It remains to verify
properties (5.5¢)—(5.5d).

(5.5¢):

(5.9) ~ (57
> wan =Y Nant Y Fan = Naw+7 2 n (5.11)

(d,h)eH (d,h)eU (d,h)eH (d,h)euU

(5.5d): For any d € 6(H \U) = 6(H), we have

T =" T. (5.12)

m

Proposition 5.2.2 (Definiteness and termination). Consider the RDCA(p, U, J) program
and define:

N, if =00
0y and = (5.13)

{i e N: @« <%}, if i < o0.

= inf{i ¢ N: Y

For each i € I, the following hold:

(u‘“”g%) A [<n> 3 Nd,h) v (L{(H):H An= Y Nd,h)], (5.14a)

(d,h)eUi=1) (dh)eH

glz2 = [(F\GYSsm) A (U@ G =0)].  (5.14b)

Moreover,

i* < o0, (5.15)
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and the point (T, x) returned by the program satisfies:

x = (zqpn, (d,h) € H) e R (5.16a)
Tgp = Nd,]“ (d, h) S Z/{, (516b)
Z Tap = MN. (5.16¢)

(d,h)EH

Proof. Define the following predicate:

B(k):  For the RDCA(p, U, J) program with arbitrary valid input parameters such that
|J| = k, and with ¢* and I defined in (5.13), properties (5.14)—(5.16) hold.

To prove the proposition, it suffices to show that B(k) holds for all k& € N, which we
establish by induction. Whenever we refer to the context of B(k), we mean the setting

specified in its definition.

Base Case. We prove that B(1) holds. All variables of the RDCA program, as well as ¢*

and /, are understood in the context of B(1).

(5.14): For convenience, define the following propositional functions:

Quii) = (U CH) A [(n> D0 Naw) V(U0 =H A =3 N,

(d,h) U (d,h)eH
i€ 1U{0},
Q. () == (a:(i) € R'j") A <V(d, )y eutn 2 = Ndﬁ) A ( S al = n)
(d,h)eH
iel

Let i € I. Since |J| = 1, the test on line 5 succeeds, and DCA(p, U~Y) is invoked

on line 6 to obtain (7@, ). Thus, the following implications hold:

Quii—1) =22 0.6) AL Qu), (5.17)

where [1] is Lemma 2.2.1 applied with A = #® and z = (), noting that

line 12

U U= y(i) C H,

(5.18)

(i) line 10

xgn = Nap,  (dh) €YY
Since (y(0) holds as a precondition of the RDCA, it follows by transitivity of
implication that Q) (i) holds for all i € {0} U I. Hence, (5.14a) is established for
the RDCA(p, U, J) program with || = 1.
The assertion (5.14b) is trivially satisfied when |J| = 1.
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(5.15):

(5.16):

Define S := {i € N: Y@ = ()} and let inf () := oo. According to line 13 of the

program, for every i € N such that i < inf S, we have K1) O K@, which implies
KD > K9, (5.19)

Suppose, for contradiction, that S = (. Then, by (5.19), the sequence (|KX®|);cx,
is strictly decreasing. However, a strictly decreasing sequence of nonnegative
integers cannot be infinite. This is a contradiction. Hence S # (), and since

1* :=inf S, we conclude that i* < oco.

Since (5.14)—(5.15) have been established, (5.16) follow from the first implication

in (5.17) for ¢ = ¢*. In particular, (5.16b) holds in view of the inclusion U =

u(o) lineg12 u(i*fl)'

Inductive Step. We aim to prove that for all £ € N\ {1}, the implication B(k — 1) =
B(k) holds. Let k € N\ {1}.

(5.14):

In the context of B(k), define the following propositional functions:
Quli) = (u@ c ’H) A [(n > Y Nd,h) v (u@ —H A= Nd,h)],
(d,h) U (d,h)eH
i e TU{0},
Q)= [(T\ G} S o) A (SN (TN GH=0)],  ieruio),
Quli) i= (2 € RI) A (W(d 1) €U alf) = Nan) A '

el

Let i € I. Since |J| = k > 2, the test on line 5 fails and RDCA(p, UV, 7\ {j})

is invoked on line 8 to obtain (T, ). Thus, the following implications hold:

(Quii—1) A Qs(i—1)) < Q.6) £ Qu), (5.20)

where:
[1]: The inductive hypothesis B(k — 1), specifically properties (5.15) and (5.16).
[2]: Lemma 2.2.1 applied with A = U® and z = ¥, noting that

R VGO NTRVOR T

| | (5.21)
xd,h Z Nd,h7 (d, h) € y(l)
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Furthermore,
Qs(i—1) = Qg(i), (5.22)
because
line 3

line 10
-

5([/{(%')) line 12 5(u(i—1) U y(i)) _ 5(u(i—1)) U 5(y(i)) 5(L[(i_1)) u{j}. (5.23)

Combining (5.20) with (5.22), we get:
(Quii—1) A Qs(i-1)) = (Qu(i) N Qs(i)). (5.24)

Since Qy(0) A Q7(0) holds as a precondition of the RDCA, it follows by transitivity
of implication that Qu(i) A Q7(i) holds for all i € {0} U I. Hence, (5.14) are
established for the RDCA(p, U, J) program with | 7| = k.

(5.15): The proof of (5.15) in the context of B(k) is identical to that of the base case B(1),

assuming the inductive hypothesis — specifically (5.15) — holds in the context of
B(k—1).

(5.16): Since (5.14)—(5.15) have been established, (5.16) follow from the first implication

line 12

in (5.20) for i = i*. In particular, (5.16b) holds in view of & =U® C ¢y —,

Since both the base case and the inductive step have been established, it follows by

the principle of mathematical induction that B(k) holds for every k € N. O
Remark 5.2.2. In the RDCA(p, U, J) program, a refined upper bound for * is:
i < |y (H)| + 1. (5.25)

Proof of Remark 5.2.2. According to lines 3 and 10, we have

SV C {5}, ie{1,..., i) (5.26)

Consequently, -
ZU YO C i (H). (5.27)

i=1
Because the sets Y@, i € {1, ..., i* — 1}, are nonempty (see line 15) and pairwise disjoint

(see lines 10 and 13), the cardinality of the union is the sum of the cardinalities, with

each term being at least 1. Thus,

¥ —1

i*—1
Fe1 >0 =y
=1 =1

which yields (5.25). O

(5.27)
< |u#H), (5.28)
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5.3. Basic Relations Between Program Variables

This section presents several fundamental relationships among the variables of the
RDCA(p, U, J) program. These simple identities follow directly from the algorithm’s
definition and provide the analytical foundation for the structural properties developed in
this chapter, as well as for nearly all proofs presented in Chapter 6. For ease of reference,
we collect them here in a single place.

By Proposition 5.2.2; the final iteration index i* of the do-while loop is finite; hence,

all subsequent expressions involving ¢* are well-defined.

Corollary 5.3.1. The variables of the RDCA(p, U, J) program satisfy:

Properties of Y:

YO £, iedl, ..., i"—1}, [line 15] (5.29a)
Y =, [line 15] (5.29b)
Y A Yliz) — g i1, 19 € {1, ..., i}, i1 # 9, [lines 10, 13]  (5.29¢)
SO S i}, ie{l .. i) Jlines 3, 10] - (5.29d)

Properties of U:
v (U) =0, [RDCA prereq.| (5.30a)
U =y U U Yy, ied{0,..., "} [see proof below| (5.30b)

t=1

Properties of K:

KO = v (H) \ U yo, ied{0, ..., "} [see proof below] (5.31)

t=1
Proof. All statements follow directly from the algorithm’s construction, with justifications
given in parentheses. Two relations, however, are proved below.

(5.30b): By the notational conventions established in Section 5.1, U = U/.

For i € {1, ..., 4*}, line 12 and Y") (52900 together yield

U =y vy yo, (5.32)

(5.31): The identity K@ = ~,(H) follows from the initialization on line 3.

Fori € {1, ..., 4}, line 13 and Y0 (5200 together yield

KO = =D\ y@, (5.33)
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5.4. The Last-Branch Recursion Path

In Section 5.1, we introduced a notational convention to refer to the values realized by
program variables across recursive invocations of the RDCA program. At that stage, the
recursion index r was defined only in principle, without specifying its formal structure
or the set of admissible values it may assume. In the present section, we provide this
clarification in full through the introduction of the Last-Branch Recursion Path.

This delayed specification is intentional: the formal construction of the Last-Branch
Recursion Path in Definition 5.4.1 presupposes the well-definedness of the RDCA program

and its termination (i.e., that i* < 00), results established in Section 5.2 (Prop. 5.2.2).

Definition 5.4.1 (Last-Branch Recursion Path). Consider the RDCA(p, U, J) program,
and let ¢ € {1, ..., *} denote the iteration index of the do-while loop, as specified in
Section 5.1.

The Last-Branch Recursion Path rooted at i, abbreviated LBRP(i | p, U, J), is the

sequence of invocations of RDCA defined by

LBRP(i | p, U, J) = {RDCA(p, U, F ) (5.34)

T€{07 ey ‘j‘_1}7

where:
e {0,...,|J|—1} is the set of recursion levels of the LBRP(i | p, U, J), where |J| —1
is the maximum recursion depth reached before a base case.

e The index r denotes the current recursion level (i.e., the depth along the path).

Z/{7 lf r = 0 ’L', lf T = 1
YGr=Li=D if >, o if r>2,

i,r—19

o YU =

where:
o Yr=1i-1) denotes the value of U at the end of the (i — 1)-th iteration of the
do-while loop in the invocation RDCA(p, U= F7Gr=1)Y) at recursion level r — 1
of the LBRP(i | p, U, J);
o i;, ; denotes the final iteration of the do-while loop in the invocation
RDCA(p, U=V F7Gr=1) "and is defined as in (5.3b) for r = (i,7 — 1).
J, it r=0
JEr=D\ LEr-D1 - if > 1,

° j(i’r) =

where j"~1 denotes the value of j (see line 2) in the invocation RDCA(p, U=, Fr=1))
at level r — 1 of the LBRP(i | p, U, J).
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Definition 5.4.1 formalizes the recursion index 7 introduced in Section 5.1. Specifically,
for the RDCA(p, U, J) program and a given iteration ¢ € {1, ..., i*}, the abstract index r
is realized as the pair (i, 7), which uniquely identifies the recursive invocation at level r €
{0, ..., |J| — 1} along the LBRP(i | p, U, J), namely RDCA(p, U™, FEm)).

While the algorithm’s execution generates a branching recursion tree, the LBRP
identifies a single linear path within this structure (see Fig. 5.4.1, shown later). As the
subsequent analysis will indicate, the invocations along this specific path are sufficient for

establishing the correctness of the RDCA(p, U, J) program with & = () and J = 6(H).

Recursion level r = 0. The first element of an LBRP(i | p, U, J) is the outermost
invocation RDCA(p, U, J). Its inclusion in the sequence facilitates a unified treatment of
the recursion, allowing this outermost invocation to be analyzed without being treated as
a special case.

Consistent with the conventions in Section 5.1, the recursion index (i,0) for the
outermost invocation is generally omitted. It is utilized primarily in expressions where
program variables are explicitly indexed by r over {0, ..., |J| — 1}, thereby subsuming
the case r = 0 into the general formulation.

According to the conventions introduced in Section 5.1 and the definition of the

LBRP(i | p, U, J), the following notational identities hold for any ¢ € {1, ..., i*}:

(10) _

y Y,
A0 = 2O e {1, ..., i) (5.35)
i:,o =1,

where y denotes the variables j and 7, while z denotes (T, x), Y, U, K.

To aid understanding, Figure 5.4.1 presents a schematic recursion tree of the
RDCA(p, U, J) algorithm for certain input parameters. The figure highlights two
specific Last-Branch Recursion Paths: LBRP(2 | p, U, J) and the subsequent
LBRP(3 | p, U®V, J@)  the latter of which originates from a recursive invocation
within the former. Although the formal details of this secondary recursion path will
be expanded upon in the sequel, it is included here to provide a comprehensive visual

representation and to preclude the need for a separate diagram in later sections.
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Figure 5.4.1: Example recursion tree of the RDCA(p, U, J) program with |J| = 4,
showing two Last-Branch Recursion Paths: LBRP(2 | p, U, J) (red) and LBRP(3 |

p, U 720 (blue). Each box represents a (recursive) invocation of RDCA.

RDCA(p, u7 J) =

RDCA(p, U(0), 7(2:0))

1=1

RDCA(p, U(2:1) | F(2.1))

;% —
3 =4

RDCA(p, U(2:2) , j(272))

Sk
159 = 2

RDCA(p, U3, 7 (29))
153 =2

L G G O O N I o A A

7
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To illustrate Definition 5.4.1, Figure 5.4.2 provides a detailed depiction of the LBRP(7 |
p, U, J) for an arbitrary i € {1, ..., "} and |J| = 4. The figure traces the sequence of
recursive invocations along the path, illustrating how each invocation triggers the next
until terminating in the base-case invocation DCA. Furthermore, the figure displays the
notation for the program variable (7', ) and the sets V. (to be formally introduced in
Section 5.5) within the context of the LBRP(i | p, U, J). Consolidating these elements
here avoids redundant diagrams and highlights the structural patterns that characterize

a Last-Branch Recursion Path.

Figure 5.4.2: Tllustration of the Last-Branch Recursion Path for the RDCA(p, U, J)
program with |J| = 4, rooted at ¢ € {1,...,i"}. Each box represents a (recursive)
invocation of RDCA along this path, while arrows indicate the transitions between successive
invocations. The lower part of each box shows the call that initiates the next (recursive)

invocation, along with the notation for (7, «) and the sets V. (defined later in Sec. 5.5).

u(i,()) =U u(i,l) — u(i,(];ifl)
j — ](7’70) c j(770) j(ivl) c j(ivl)
i | RDCA(p, Y(05=1)  7(.0) \ {j(LO)}) 4+ ity | RDCA(p, Ui =1 701 \ {j(“)}) |
(T, g0y = (T6030) | 70030 (T | iLsiEa))
Vi = Vi Vial;i?,,l
r=20 r=1
v
RDCA(p, U®2) | 7(:2)) —> RDCA(p, U®3), 7(:3))
U2 — Gt —1) U3 — 25,1
j(iVQ) — j(i’l) \ {j(lvl)} j(lvg) — j(i72) \ {j(’LQ)}
j(172) c j(i12) j(Z,3) c j(lvs)
o ) , Cw DCA
ity RDCA(p, ]/{(%2;11-,2—1)7 J:2) \ {j(172)}) 1 i DCA(p, u(%?’ﬂi,s—l)) 4o
(T(2i072) | g 0:2052)) (TH30s) g (0:35703))
Vi,z;i;Q Vi,sgz';S
r=2 r=3
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As illustrated in Figure 5.4.2, each box represents a recursive RDCA invocation along
the LBRP(i | p, U, J). For the case |J| = 4, the path comprises four recursion levels:
{0, 1, 2, 3}. The first box (r = 0) signifies the outermost invocation, and the subsequent
invocation along the LBRP(i | p, U, J) is

RDCA(p, U0, JCON\ {09}) = rDCA(p, U™, TGV, (5.36)

which is triggered during the i-th iteration of the do-while loop.
For recursion levels r > 1, the invocations along the LBRP(i | p, U, J) follow the

final iterations of the respective do-while loops. For r = 1, this yields
RDCA(p, Y!%a=D, gGUN {0D}) = RDCA(p, U, T0), (5.37)

with a similar transition occurring for r = 2. The path reaches its maximum recursion

depth at r = 3, at which point, |7®%| = 1, leading to the base-case invocation.

Secondary LBRPs arising from the LBRP(i | p, U, J). According to Definition 5.4.1,
an LBRP(i | p, U, J) can originate from an RDCA(p, U, J) program for any admissible
input parameters. In Section 5.5, it will be necessary to consider a secondary LBRP
originating from an arbitrary recursive invocation along the LBRP(i | p, U, J). An
example of such a path, namely the LBRP(3 | p, U?YD 7@Y) was already illustrated
in Figure 5.4.1 prior to its formal specification. The following remark describes how

Definition 5.4.1 is used to construct such a subsequent path.

Remark 5.4.1 (Secondary LBRPs arising from the LBRP(i | p, U, J)). Consider
the RDCA(p, U, J) program and let ¢ € {1, ..., i*} be an arbitrary iteration with the
corresponding LBRP(i | p, U, J). Let r € {0, ..., |J| — 1}. Applying Definition 5.4.1
to the invocation RDCA(p, U™, 7)) along the LBRP(i | p, U, J), yields the secondary
path

LBRP(g | p, U, g0, (5.38)

where the iteration index ¢ of the do-while loop in this invocation ranges over
{1, .6, )

Remark 5.4.2. A fully explicit formula for the secondary path LBRP(g | p, Y%7, J@)
in Remark 5.4.1 generally requires an extended indexing scheme to account for RDCA

invocations that lie outside the LBRP(i | p, U, J). However, in the two cases relevant
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to our analysis — namely r = 0 and g = i;, for r > 1 — the LBRP(g | p, U7, (")
is a subpath of the LBRP(i | p, U, J), allowing the existing indexing to suffice. This

structural simplification yields:

LBRP(g | p, U, 70" = {RDCA(p, uo g (“))} , (5.39a)
Le{r,...,|J|-1}
for
i, if r=0
g= (5.39b)
i, if r>1
Lemma 5.4.1. Consider the RDCA(p, U, J) program and let i € {1,...,7*} be an
arbitrary iteration with the corresponding LBRP(i | p, U, J). Then,
|7]—1
J=J "} (5.40)
r=0
Proof. Let R := {0, ..., |J| — 1}. By construction of the LBRP(i | p, U, J), at each
level r € R along this path, we have
A A J, if =0
i) ¢ glio) _ (5.41)

I\NUZe @0y, it r>1.

Therefore, {j"): r€ R} C J.
Define the map ¢: R — J by ¢(r) := j®). From (5.41), for any 7, ro € R with
ry < 19, we have

j(i7r2) # j(iﬂ”l)‘ (542)

If ro < 71, the same argument yields j™) #£ @72 which is equivalent to the above.
Thus, j®™) £ j@r2) whenever r # 79, and therefore ¢ is injective.

Since both R and J are finite sets with |R| = | 7|, it follows that ¢ is also surjective.
Hence, ¢ is bijective, and the identity (5.40) follows. O

Lemma 5.4.2. Consider the RDCA(p, U, J) program and let i € {1,...,1*} be an

arbitrary iteration with the corresponding LBRP(i | p, U, J). Then,
|\7(Z7T)| = |\7|_Ta re {07 SR |'~7|_1} (543)
Proof. The proof proceeds by induction on r € {0, ..., |J| — 1}.

Base Case. By Definition 5.4.1 of the LBRP, 700 = 7, so | 700| = | 7.
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Inductive Step. Assume |J| > 2 and fix r € {1, ..., |J| — 1}. As the inductive
hypothesis, assume that
(T =1T] = (r = 1), (5.44)
It then follows that:
4 Def.>51.4.1 ' ) o ' (5.44)
A e N e T N A R e VIR (5.45)

where [1] holds because j"=1) € F0=1 (see line 2).

As the choice of r was arbitrary, the inductive step is valid for all r € {1, ..., |J|—1}.
By the principle of mathematical induction, (5.43) holds. ]
Lemma 5.4.3. Consider the RDCA(p, U, J) program and let i € {1,...,7*} be an

arbitrary iteration with the corresponding LBRP(i | p, U, J). Then,
(10, &) = (1) gtrin), - refo, ..., |J] -1}, (5.46a)

where

. 7, if =20
iy = (5.46b)
it i r> 1.

2,7

Proof. For r = 0, the identity in (5.46a) holds trivially by the convention (5.35), namely:
(T, W) = (70D 000y (5.47)

To prove the lemma, it remains to establish the following sequence of identities:
(T0riin) | i)y — (Pt plrtligdy - e {0, [T -2} (5.48)

Assume that | 7| > 2 and fix r € {0, ..., |J|—2}. To simplify the notation, let 7 := i,.
Since r < |J| — 1, by Lemma 5.4.2, |7%"| > 1. Consequently, in the invocation
RDCA(p, U™, 7)) along the LBRP(i | p, U, J), the condition on line 5 is not satisfied.

By the recursive call on line 8, we obtain:
(T(i,r;g)’ w(i,r;g)) — RDCA(]?, u(i,r;ffl)’ j(i,r) \ {](z,r)})
W Rpca(p, ulir+D| glr+D)y, (5.49)

where [1] follows directly from Definition 5.4.1 of the LBRP.
On the other hand, RDCA(p, UV FEr+1) returns the pair

(T(ivr+1;if,r+1)’ w(i7r+1;i;r+1)). (550)

Combining (5.49) with (5.50) establishes (5.48) for the chosen 7. Since
r € {0, ..., |J|— 2} was arbitrary, the identity in (5.48) holds for all r in this range. O
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5.5. The take-max Strata Sets V;

In this section we define a sequence of sets V; C H, i € {1, ..., i*}, which arise in
connection with the Last-Branch Recursion Path introduced in Section 5.4. These sets
play a central role in establishing the total correctness of RDCA(p, U, J) when U = ()
and J = 6(H). Specifically, as shown in Section 6.4 of Chapter 6, when the program is
executed with these parameter values, it identifies the set V;«, which coincides with the
set U* C H characterizing the optimal solution in Theorem 3.2.8. Since that theorem
provides a closed-form expression for the optimal solution in terms of U*, identifying the
sets V; — and in particular V;« — is a crucial step in proving that the RDCA program solves
the CPDA problem. After defining these sets, we establish several of their fundamental

properties.

Definition 5.5.1 (The sets V;). Consider the RDCA(p, U, J) program. For each iteration
i€ {l,...,i"} and the corresponding LBRP(i | p, U, J), the set V; is defined by

|1~
_UUUy u U Ylirst), (5.51)
r=1 t=1

where Y& denotes the value of ) at the end of the t-th iteration of the do-while loop
in the invocation RDCA(p, U™, F7)) along the LBRP(i | p, U, J).

The sets V; relative to a recursive invocation. As established in Definition 5.5.1,
the sets V;, i € {1, ..., i*}, are defined for the RDCA(p, U, J) program for any admissible
input parameters. In the correctness analysis in Chapter 6, we sometimes need to consider
the sets defined by (5.51), but relative to the recursive invocation RDCA(p, U@, J@)
along the LBRP(i | p, U, J) for some r € {1, ..., |J| — 1}. The following two remarks

provide the formal specification for the resulting sets.

Remark 5.5.1 (The sets V; relative to a recursive invocation). Consider the
RDCA(p, U, J) program and fix an arbitrary iteration ¢ € {1,...,d*} with the
corresponding LBRP(: | p, U, J). For an arbitrary r € {0, ..., |J| — 1}, consider
the invocation RDCA(p, U™, J0™)) along this path. Applying Definition 5.5.1 to the
invocation RDCA(p, U™, J@1)) at an arbitrary iteration g € {1, ..., ii,.} of its loop,

with the corresponding LBRP(g | p, U, J@7), yields the set

Vi,r;g- (552)
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Here, LBRP(g | p, U%", J0") is the secondary recursion path as described in
Remark 5.4.1. The set V;,., is the analogue of V; for iteration g within the recursive

invocation RDCA(p, U@, J@m).

Remark 5.5.2. A fully explicit formula for the set V;,., in Remark 5.5.1 generally
requires an extended indexing scheme to account for RDCA invocations along the LBRP(g |
p, U JE)) that lie outside the LBRP(i | p, U, J). In our analysis, however, we only
require the formula in the two special cases: r = 0 and g = 7, for > 1. In these
cases, the notation simplifies significantly because the LBRP(g | p, "), JG) is then
a subpath of the LBRP(i | p, U, J) (see Rem. 5.4.2), allowing the existing indexing to

suffice. This structural simplification yields:

‘j“ T)l 1 Zz r4L

Vz’,rﬂr (521) (i,r) U lul y 1,r3t) U U U y (i,r+4;t)

(543) 1,7« 1 |J| 111671
g (i,r) UUyzrt)U U U y(z@t) (553)
l=r+1 t=1

. 7, if r=20
where 7, :=
i if r>1.

7,7

Following Remark 5.5.2; for r = 0, the identity in (5.53) reduces to (5.51) as expected:

|-.7| 111671

Vioi =U ZO)UUJNOt U U U YLtit) (5.35) V. (5.54)

According to Definition 5.5.1, the set V; corresponds to the i-th iteration of the
do-while loop in the RDCA(p, U, J) program. Similarly, Remark 5.5.1 specifies
that the set V;,., corresponds to the g-th iteration of the do-while loop in the
invocation RDCA(p, U™, J@M) along the LBRP(i | p, U, J). Figure 5.4.2 illustrates
this relationship for ¢ = 4,, consolidating the LBRP and the associated sets V. into a

single diagram.

Standing convention for sets V.. Throughout the remainder of this chapter and
the entirety of the following chapter, the sets V. are to be understood as defined in
Definition 5.5.1 or Remark 5.5.1, relative to the prevailing RDCA. Since the appropriate
context is generally clear from the problem setting, we shall not explicitly reference these

definitions or restate the context unless ambiguity arises, in which case it will be specified.
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Lemma 5.5.1. Consider the RDCA(p, U, J) program and let i € {1, ..., *}. Then,

Vi=Vi, re{0,... |Jl-1},  (5.55)

where the sets Vi and V; .z are defined as in (5.51) and (5.53), respectively, with

. 1, if r=0
iy = (5.55Db)
P if e > 1

7,7

Proof. Define the following predicate:
B(k | 4): The identity in (5.55) holds for r = k.

To prove the lemma, it suffices to show that B(k | i) is true for all k € {0, ..., |J| — 1}.

The proof proceeds by induction on k.
Base Case. By (5.54), we have V; =V, ;. Hence, B(0 | i) holds trivially.

Inductive Step. We aim to prove that the implication B(k —1|¢) = B(k | i) holds for
all ke {1,...,|J]|—1}.

i, i k=1

iy, A k>2.

Assume |J| > 2 and fix k € {1, ..., |J| — 1}. Let i :=

As the inductive hypothesis, assume that B(k — 1| i) holds, i.e.,
Vi=V i (5.56)

By Definition 5.4.1 of the LBRP, since k > 1,

i—1
Yk — ylik=1i-1) (5.30b) k=1 U Plik—1it). (5.57)
t=1
Furthermore,
(5.53) |T|—1 %
k>1 z k; i Z
Vi,k;ij’k = U U U y K
|J| 17’1 Z_]'
(5.57) 24(ik=1) UUy(zk Lt) | U U y(zet)
C2 Y s (5.58)

Substituting (5.58) into (5.56) yields V; = V=, confirming B(k | 7). As the choice
of k was arbitrary, the inductive step holds for all k € {1, ..., |TJ|—1}.

By the principle of mathematical induction, B(k | 7) holds for all k € {0, ..., |J|—-1}. O
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5.5. THE TAKE-MAX STRATA SETS V;

Lemma 5.5.2. Consider the RDCA(p, U, J) program and let A C 6(H). For any i €
{1, ..., "}, it holds that

U, if ACO(H)\T
ya(Vi) = q - (5.59)
t=1
Proof. Let i € {1, ..., ¢*}. By definition (5.51) and in view of (2.17a), we have
i—1 |7 =141
1) =) U Jru@u J U @), (5.60)
t=1 r=1 t=1
For any ¢t € {1, ..., i — 1}, the definition of the algorithm yields
u, tACSH\J 0 fACSH)\T
(5.30a ; (5.20d) | Vs
Tatt) P2 ) °Z (5.61)
0, if A={j}, yu, it A={j}.
Moreover, for any r € {1, ..., |J| =1} and t € {1, ..., ij, — 1},
gy, (5:29d) line 2 | Def. 5.4.1 » , _
SOy S ) TE g ST g\ 0y B ) (562)
which implies y4(Y®") = () for both cases of A specified in (5.59).
Combining (5.60) with (5.61) and (5.62) yields the desired result (5.59). O

Lemma 5.5.3. Consider the RDCA(p, U, J) program. The following relations hold:

o*

S(HA\NUY\ T C[)o(H\ V), (5.63a)
Y c hyj(”ﬂ\vt), ie{l, ..., i}, (5.63b)
je (_] S(H\V), i*>2, (5.63¢)
VH\ Vi) =0 = " >2 (5.64a)
Vi(H\ Vi) =0 = YT = (H\ V). (5.64b)
Proof.
(5.63a): For each i € {1, ..., i*}, we observe that:
{dedH): Vi2na(H)} € {ded(H)\T: Vi2wuH)}uT
= {dedH)\J: wVi) 2nH)yuT
= {d€dé(H): vsmupno(Vi) 2uH)IUT
O3 rd e 5(H): U D %l( Bud. (5.65)
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Consequently, for each i € {1, ..., i*}, it follows that:

(2.171)

o(HA\ V) SH)\{d € 6(H): Vi 27a(H)}

" S\ ({d € S(H): U2 (M)} U )

(2.17f)

SIGACIRRVE

(5.63b): For each i € {1, ..., i*},

i—1 i k-1

o MET ety 63D wHNJYY = )\ Yy

t=1 k=1t=1

(2.17a) i
(5.59) 2.17c

2 N e PE 3 W)

= amn (Un)) = wN e

k=1
e A EACTAN?S
k=1

(5.63c): Assume i* > 2. For any i € {1, ..., i* — 1}, we have

(5.63b) . (5.29a)
wHAV) D0 YO £,

which implies j € §(H \ V).
(5.64): By (2.17c), the condition v;(H \ Vi+) = 0 is equivalent to

Then we have
(5.69)

i*—1
0#7(H) = 50 P2 o0,
=1

(5.66)

(5.67)

(5.68)

(5.69)

(5.70)

If * = 1, the union in (5.70) is empty by convention, which yields a contradiction.

Hence, i* > 2, establishing (5.64a).
Furthermore, for ¢* > 2, it follows that:
(2.17¢)
Vi(HA\ Vi) =7 (H)\ v(Viea)

(5.70)  4*—1 i*—2

5.59 : N (5.29¢ e
P2 Jyon | Jy@ 29y,
i=1 i=1

which proves (5.64b).
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Chapter 6

Correctness of the RDCA Algorithm

This chapter provides a formal proof that the RDCA algorithm solves the CPDA
problem, thereby establishing its total correctness. As the most analytically intensive
part of this thesis, the development builds directly upon the notational framework and
structural properties established in Chapter 5.

Specifically, we establish the total correctness of RDCA(p, U, J) for the case p € P,
U =1, and J = 6(H). Following the classic decomposition into partial correctness and
termination (see Hoare [19]), our analysis verifies that the algorithm’s output satisfies the
optimality conditions (3.61)—(3.63) of Theorem 3.2.8. Each of the subsequent sections is
dedicated to verifying a specific requirement from (3.61)—(3.63). These results culminate
in Section 6.4, where we prove that all conditions of Theorem 3.2.8 are met, establishing
partial correctness in Theorem 6.4.2. Finally, Theorem 6.4.3 asserts total correctness
by encompassing both partial correctness and the termination results from the previous
chapter.

All results from Chapter 5 remain in effect. In particular, the notational conventions
for program variables (Sec. 5.1), the termination guarantees (Prop. 5.2.2), and the formal
constructions of the Last-Branch Recursion Path (Def. 5.4.1) and the sets V; (Def. 5.5.1)
are pivotal to the optimality analysis developed here.

To assist the reader in navigating the complex interconnections between the various
results presented in this chapter, Figure 6.0.1 provides a diagram summarizing the
main theorems and their logical dependencies (including key foundational results from
Chapter 5). To be explicit, the primary objective of this chapter is the proof of
Theorem 6.4.3, which concludes the formal validation of the RDCA algorithm.
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Figure 6.0.1: The main results of Chapter 6 and their logical interdependencies, including
foundational definitions and results from Chapter 5. The background colours distinguish

the various sections in which these results are established.

Proposition 5.2.2 Definition 5.4.1 Definition 5.5.1
>
Definiteness and termination LBRP(i | p, U, T) Sets V;
Y .
Lemma 6.1.1
(T, () = DCA(p, V;)
Y .
Theorem 6.1.2 ] Theorem 6.3.2
(T, £®) J Monot. of s (i < i*)
{ " { \
—— | Prop. 6.3.3 > Prop. 6.3.6 }
. Y . A
> S
> S
% R
Prop. 6.3.4 > Prop. 6.3.8 u
. m
Prop. 6.2.4 L J p
) Y . ¢
Theorem 6.3.9 !
> L 1---—-] o
Monot. of s (i = i*)
\ Y Y v 6.3.5
Theorem 6.2.5 Theorem 6.3.10
L) — . . _Pd_
O(H\ Vi) =6(H) (d,h) € Vi» & s(Vix, v, d|p) > &
r Y Y Ry
Y Theorem 6.4.2
Theorem 6.4.1
Partial correctness
Admissibility of V;
( " )\
% Theorem 6.4.3
Total correctness
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6.1. The Form of the Variable (7, x)

This section provides a characterization of the program variable (7@, ) in terms of
the set V; for i € {1, ..., i*} (see Def. 5.5.1). The primary result of this characterization
is given in Theorem 6.1.2.

Beyond this characterization, we derive several auxiliary properties of the x variable,
most of which follow from the established characterization. While technical in nature,

these results are essential for the developments in the subsequent sections.

Lemma 6.1.1. Consider the RDCA(p, U, J) program. For anyi € {1, ..., i*}, the model

p and the set V; defined by (5.51) together satisfy the input requirements of DCA. Moreover,
(TW, D) =DCA(p, Vi), ie{l,..., i} (6.1)

Proof. Fix an arbitrary i € {1, ..., i*}, and let r := |J| — L.

Consider the invocation RDCA(p, U, J0) along the LBRP(i | p, U, J). By
Lemma 5.4.2, it follows that | 77| = 1. Consequently, the condition on line 5 is satisfied,
and the assignment on line 6 yields:

i, i r=0

(T(z‘,rﬂ)7 m(iﬂ“ﬂ)) = DCA(p, z,{(iﬁ"ﬂ‘l)), where i := (6.2)

1 it r>1.

1,7

By Proposition 5.2.2, p and U@m-D together satisfy the input requirements of DCA.

Moreover,

()| ird)y O (p() (i),

- (6.3)
liri=n CZ qyn g | Jyern By, o Oy,
t=1

9,730

where [1] follows from (5.53) for r = | J| —1, and the set V, . ; is as specified in Rem. 5.5.2.

Substituting (6.3) into (6.2) establishes the desired result (6.1). O

Lemma 6.1.1 is particularly noteworthy as it reveals a fundamental structural property
of the RDCA(p, U, J) algorithm. It establishes that, regardless of the cardinality of the
set J, for every iteration i of the loop, the pair (T®, £(?) — the output of a potentially
deeply nested recursion — is in fact computed by the base-case DCA algorithm applied to the
set V;. This structural equivalence was already clearly visible in the numerical examples
for RDCA in Section 4.2 of Chapter 4 (Figures 4.2.1-4.2.3). It was also suggested by the

visual trace of the Last-Branch Recursion Path in Figures 5.4.1 and 5.4.2 in Chapter 5.
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Following the definition of the DCA algorithm (specifically, line 8), Lemma 6.1.1
immediately implies that the allocations 2! d ) for strata (d,h) € V; are blocked at Ngp,.

This property is formally stated in Theorem 6.1.2.

Theorem 6.1.2. Consider the RDCA(p, U, J) program. Let the function s and the
operator Eigen be defined by Definitions 3.2.3 and 3.2.2, respectively. For any i €
{1, ..., i*}, it holds that

, 07 Zf VZ =H ; Nd,ha (d7 h) € VZ
TO = 2 = (6.4)

N if ViCH, ’ s(Vi, vi, d | p) Aan(p), (d,h) € H\ Vi,

=

where ) = (a:dh, (d,h) € H), and (N;, v;) := Eigen(V; | p) for V; C H.

=

Proof. By Lemma 6.1.1, we have (T'®), () = DCA(p, V;) for any i € {1, ..., i*}. The

identities in (6.4) then follow directly from the definition of the DCA algorithm. O
Proposition 6.1.3. Consider the RDCA(p, U, J) program. For any i € {1, ..., "}, it
holds that
Z ( o N_>[Ad,h<p)]2 =T, deD,;:= ) (6.5)
hena(H) Ldh bh 5(7‘[ \ Vi), if Vi C@H,

where ) = (x((jh, (d,h) € H).

Proof. By Lemma 6.1.1, (T®, ™) = DCA(p, V;) for any i € {1, ..., i*}. The identities

in (6.5) then follow immediately from property (5.5d) of Lemma 5.2.1. ]

Remark 6.1.1. In view of Lemma 6.1.1 and line 8 of the DCA algorithm, the set V)
represents the collection of strata (d, h) € H that are blocked at their upper bounds Ngj,.
Consequently, following Remark 2.3.1 with B = V), the set 6(#\V;) represents the domains
that are not blocked by V;. When V; C H, Proposition 6.1.3 asserts that the equation
in (6.5) is required to hold only for these unblocked domains; it is not necessarily satisfied

for domains that are blocked by V;. This observation is analogous to Remark 5.2.1.

Proposition 6.1.4. Consider the RDCA(p, U, J) program and let i € {1, ..., i*}. The
inclusion YO C ~;(H \'V;) holds, and for any (d, h) € v;(H \ V;),

(d, h) € y(l) — Ig)h > Nd ho (66&)
(d.h) € H\V)\VD = ) < Ny, (6.6b)

where £ = (xdh, (d,h) € H).
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Proof. From line 10 of program,

Yo — {(d,n) € =1 xg)h > Nants (6.7)

so that for all (d,h) € KO,

(d,h) e YD =z} > Ny, o
(d,h) € KITDNYD = 2} < Ny
To conclude, observe that
i1 (5.59)
i-1) (5:31) (2.17¢)
KD T=0 0\ (YO TET (R AW, (6.9)
t=1
]
Proposition 6.1.5. Consider the RDCA(p, U, J) program. For any i € {1, ..., "}, it
holds that
zip > 0, (d.h) € H. (6.10a)
2, < Nan,  (d,h) € v7(H\ Vi) \ Y, (6.10b)
xﬁl’;h < Nap, (d,h) € vy (H) (6.10c)
g < Naps (dh) € 95(H), (6.10d)
where ) = (xdh, (d,h) € H).

Proof. Let i € {1, ..., i*}.

(6.10a): The claim follows directly from (6.4) after referring to Remark 3.2.4.

(6.10b): First, observe that

(5.40)
ARSI CHCARIE U e (A VD) \
. |71-1
= (uAYO) 0 U e (V)
\J\ 1
(5.55)

= (uHAVNYO) U U e (H\ Vi), (61)

where the set V; ,.;+ is as described in Remark 5.5.2. The identity [1] is justified

by the fact that for any r € {1 ..., |J| =1} along the LBRP(i | p, U, J),
(5.29d) Def. 5.4.1

S0 g M oy g g

which implies yju,,«)(y(i)) = ().

line 2

57 400, (6.12)
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(6.10c):

(6.10d):

Now, suppose (d, h) € v7(H\ Vi) \Y?. By (6.11), one of the following two cases
must hold:

(1) (d,h) € 3 (H\V)\ Y

(ii) |J| > 2 and there exists r € {1, ..., |J| — 1} such that

(d, h) € vjir (H\ Vigiz ) (6.13)

Case (i). This matches the premise of the forward implication in (6.6b) of

Proposition 6.1.4, which immediately yields ZL‘S)h < Ngp, as wanted.

Case (ii). Fix r as in this case and consider the invocation RDCA(p, U™, Fm)
along the LBRP(i | p, U, J). Relative to this invocation, the forward implication

in (6.6b) for the final iteration 7}, is written as

1.r¥ (ivr;i;‘r)
(d, h) € 7j6m (7‘[ \ Vi7r;i’l!"r) \ y( i) - Tap < Nd,h- (6.14)
Since Y7ir) (5.29) (), it follows from (6.13) that the premise of (6.14) is satisfied.

e ) (5.46) ;
(iriit,) C29) 2@, we conclude that :L‘S)h < Ny, as

Consequently, recalling that @

required.
We have:
(i) (6:100) @
Tap < Nap, (d,h) € v7(H\ V) \ VY, (6.15)
2 Y Ny, (dh) e
Moreover,
(2.17¢)
(@) @ (G299
Y HAVI\N Y D (HAV)ANYY =" y7n (H) \ Vi (6.16)
Combining (6.15) with (6.16) establishes the desired result (6.10c).
Using the relations in (6.15) for i = i*, we obtain
tgp < Naw (dh) € (ra(H\ Vi) \ V) UV (6.17)
Then, (6.10d) follows immediately by noting that
(5.29b)
) (2.17¢)
Yr(HA Vi) \ YO =" 9 7(H) \ Vie. (6.18)
L]
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Proposition 6.1.6. Consider the RDCA(p, U, J) program. If i* > 2 then

-1 i* i1 i
> <x¢(1,h - ‘TELh)) + > <x<(i,h - xEl,h))

(d;h)€vs (g (H)\U (d;R)evg\ (53 (H)

> (N > (@ =) =00 619)

(d,h)ey*=1) (d;h)€v;(H\Vix)

Proof. As an immediate consequence of lines 6 and 8, in conjunction with (5.5¢)

and (5.16¢) respectively, it follows that:
>ooall=n  die{l ... i) (6.20)

Assume henceforth that ¢* > 2.
The set H admits the following decomposition:

(2.17a)
(2.17d)

H =" v (M) Uvngy(H) Uy (Vie) Uy (H A\ Vi)

(1

= (e H)\U) VU Uy (H) Uy (Vo) UYE D Uy (HA\ Vi), (6.21)

where [1] follows from:

(5.30a)
S Ysapng(H), (6.22a)
(5.59) o
Vi) "= V) U, (6.22b)

Note that the six subsets in the decomposition (6.21) are mutually disjoint; in particular,

(5.59)

i 5.29¢
Yy (Vieoy) N YD P2 g (6.23)
Moreover, by (6.4),
‘Tgl,h = ffgz,h)a (d,h) €Ve=1 NV D U,
o " (6.22b)
xz(i,h D= xz(i,h)v (d,h) € v;(Vie—1)  C v (Viv), (6.24)
- (6:226) .
xé,h) = N, (d,h) € v;(Vir) D Y.

Consider equation in (6.20) for ¢ = ¢* — 1 and i = i*. Subtracting the latter from the
former, component-wise, and applying the decomposition (6.21) along with the equalities

in (6.24), yields the desired equality (6.19). O
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Proposition 6.1.7. Consider the RDCA(p, U, J) program. If i* > 2 then for all d €
S(H\U)\ T, the following implications hold:

<Elh ena(H\U): 257 < ngQ) — (Vh ena(H\U) o7 < xf;';)), (6.25a)
<3h e na(H\U) : 27 < ng’;}) — (Vh e (M) o7 < xg;;). (6.25h)
Proof. Suppose i* > 2.

(6.25a): Assume that there exists (d, h) € H such that

ded(H\U\NT N hen(H\U) A 25,7 <al). (6.26)
Then, by Corollary 2.3.2,

(d, h) € vsng (H) \U. (6.27)

This set lies in the region corresponding to one of the cases in Theorem 6.1.2:

(5.59)
Ysoong H)\NU =" Y5000 (H) \ (Ysaong Vie—1) Uvsaong (Vir))

=" vpong(H\ (Viecr U Vi)
C H\WVe1UVi)=(H\ Vi) N (H\Vie).  (6.28)

Therefore, applying (6.4) for i € {i* — 1, i*} and using (6.28), the inequality in
(6.26) implies
S(Vi*,l, Vi1, d | p) < S(Vi*, V=, d | p), (629)

where (\;, v;) := Eigen(V; | p) for i € {i* — 1, i*}.
Multiplying both sides of (6.29) by Ag.(p) for all w € ng(H \ U), we obtain:

S(Vir—1, Vir_1, d | p) Agw(p) < s(Vir, v+, d | p) Agw(p), w € na(H\U). (6.30)

Notice the following inclusion relations:

(2.17¢)
(1] (6.28)
Ya(H\U) T vwseong(H\NU)  C (H\ Vi) N (H\ Vi), (6.31)

where inclusion [1] holds because d € §(H \U) \ J C §(H) \ J (recall (6.26)).
Applying (6.4) once more for i € {i* — 1, i*} and using (6.31), the inequalities

in (6.30) can be written directly in terms of xfj;zu, yielding

Tgy ) < Ty w € na(H\U). (6.32)

7w7
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(6.25b): Consider the following implication, to be established for all d € §(H \U) \ J:

(Elh ena(H\U) : x((;;l_l) < xﬁﬂ}) —

(vh e U)o, <all)). (6.33)

The proof of (6.33) follows the same steps as that of (6.25a), replacing < by
< throughout in (6.26), (6.29), (6.30), and (6.32). No other modifications are

required.

To derive implication (6.25b) from (6.33), observe that by (6.4) for i € {i*—1, i*},
we have:

(i*—1) (i%) (5.51)
Tan = = Tan> (d,h) €Vir NV D U. (6.34)

Thus, excluding U from the conclusion of implication in (6.33) does not affect its

validity.

6.2. Domain Blockage

Definition 5.5.1 introduces the set V;« C H within the context of the RDCA(p, U, J)
program. In this section, we demonstrate that condition (3.62b) from Theorem 3.2.8 is
satisfied for U* = V;«, provided that J = 6(H) and V= C H. This result is formally
established in Theorem 6.2.5.

Following the interpretation in Remark 6.1.1, set V;« can be viewed as the collection
of strata (d,h) € H that are blocked at their upper bounds Ny ;. Accordingly, §(H \ Vi-)
represents the domains that remain unblocked with respect to V;=. Thus, in view of
Remark 3.2.5, condition (3.62b) with U* = V;+ asserts that, if V;» C H, then no domain
d € §(H) is blocked by V;« at the termination of the RDCA(p, U, J) program. This
interpretation motivates the title of this section.

We note that, purely out of curiosity, at this stage of the analysis we do not know if
a:EZ:L) < Ngy, for all (d, h) € H \ V;+; whether it holds or not is irrelevant for the present
discussion (Theorem 6.3.10 will later show that it does hold when J = 6(H)).
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Proposition 6.2.1. Consider the RDCA(p, U, J) program. For any i € {1, ..., i*}, the

following tmplication holds

TO<0 = (V(dR) € (M) o) = Nan). (6.35)
Proof. It 7\ {j} = 0, then the implication (6.35) holds vacuously for any i € {1, ..., i*}.
Assume instead that J \ {j} # 0. The proof proceeds by contradiction. Suppose,
toward a contradiction, that there exist i € {1, ..., i*} and (d, h) € vz \(;;(#H) such that:
T < 0, (6.36a)

(6.10a)
:cd’h € (0, Nd,h)- (636b)

Let V; be as defined in Definition 5.5.1, and let

S(H), it V=%
D; = (6.37)
S(H\ V), if V,CH.

Only two cases are possible for the pair (d, h): either d € D; or d € §(H)\ D;. We consider

them separately.

d € D;

In this case, (6.5) implies

. 1 1 1 1
T = 3 (G~ ) Aaw®l + (5 — 7 ) [Aa®@) >0, (6.38)
wena(M\{h} Fdw dw T dh

where the inequality follows from xiﬁvu € (0, Ny for w € ng(H) \ {h} (see (6.10a),
(6.10c)), and from (6.36b). Clearly, (6.38) contradicts (6.36a).

dedé(H)\D;
In this case,
2.17f) ~
D4 S(H)\D; = 6(H)\6(H\ V) “2" {d e d(H): ViD (M)} (6.39)
Hence, V; 2 74(H), which implies (d, h) € V;. Consequently, by (6.4), iL‘ElZ)h = Nup,
contradicting (6.36b).

In either case, we reach a contradiction with (6.36). Hence, the proposition is proven.

]
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Proposition 6.2.2. Consider the RDCA(p, U, J) program. The following implication
holds
{(ANéH\V) =0 = T <0. (6.40)

Proof. Assume the premise of (6.40) holds. Expressed via the function ~;, this is

equivalent to

Vi (HA\ Vir) = 0. (6.41)

By (5.64a), this implies
> 2. (6.42)

Furthermore, from (6.6a) and (6.4), it follows that

i — *— 1
d5 7V > Napy, (dh) € YD Uy (Ves) 2 y(H), (6.43)

where the equality [1] is a consequence of (5.64b) and (6.41), utilizing (2.17a).
(5.63c)
Since 7 € ~0(H \ Vi=_1), the following identity holds by Proposition 6.1.3:

. 1 1 (6.43)
T = Y (ﬁ - N_) (A < 0. (6.44)
nen; () Lih "

Moreover, by Proposition 6.1.6, in view of (6.42) and (6.41), it follows that
ny +ng +mn3 =0, (6.45a)

where

i*—1 i*
ny = Z (wz(i,h ) — Z'ELh)),
(d,h)evs(ung (H)\U
(6.35)

Ng 1= Z (l’&’h b — .CE((i’h)) ( = ) Z <Nd,h — .1'((17}1)), (645b)

(dh)Ev 5y (H) (d,h)Ev\ (53 (H)

ng = Z <.Z'((1Z’;;1) — Nd,h) .

(d,h)eV(E*—1)
We remark that the terms in the sum (6.45a) satisfy

(6.10¢) (6.6a)
ny > 0 and ny > 0, (6.46)

which, in view of the equality in (6.45a), implies that n; < 0.

In summary, the premise of (6.40) yields (6.42), (6.44), and (6.45a). To prove the
proposition, we analyze the inequality n; < 0 under two exhaustive cases: Y57 (H)\U #

@ and Vg(H)\j(H) \Z/{ = @
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Ysng (H) \U # 0. In this case, the inequality n; < 0 implies the existence of a pair
(d,h) € vsupnog(H) \ U such that

*—1 i*
:L‘El’h ) < xfhh). (6.47)

Fix such a pair (d, h). By Corollary 2.3.2,
ded(H\U)\T and hen(H\U). (6.48)
Based on these properties, it follows from (5.63a) that
ded(H\Vi_1)No(H\ Vi), (6.49a)

while from (6.25b) one has
w50 <al) wena(H). (6.49b)
Altogether, observations (6.49) yield

(6.5)
644) . 1) (6.492) 1 1
0 > TE 2N (s ) Aau )

wena(H)  Ldw

(6.49a)

> (W—Lﬁfld,w(p)f 1@ (6.50)
d,w

Naw
weng(H) d

NN

(6.49b
(6.10a
>

Hence, ") < 0, which completes the proof of the proposition for this case.

vsaong (H)\U = 0. In this case, ny = 0, and it follows from (6.45a) and (6.46) that

ne = 0. This fact and (6.4) lead to the following identities, respectively:

no=0
#*)  (6.10c)
-Tghh) = Nd,ha (d7 h’) € f)/j\{J}(H% (651)
i* 6.4
z)) @ Nap, (d, h) € vsung (Vir) U7 (Vir).
Moreover, we have:
(5.59) (1] (6.41)
Vsong Vi) =" U = vspng(H) and Vi) =" (H),  (6.52)

where [1] is a consequence of (5.30a) and the assumption defining the present case, i.e.,

U C vsung (M),

(6.53)
%(H)\J(H) \U=10.
Combining the identities in (6.51) and (6.52) yields
20 = Naw,  (d,h) € H. (6.54)
In light of (6.54), Proposition 6.1.3 implies 7¢") = 0.
O
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Proposition 6.2.3. Consider the RDCA(p, U, J) program. For any nonempty A C J,
the following implication holds

ANS(H\ V) =0 = T <o. (6.55)

Proof. Let () # A C J. Within the context of the LBRP(i* | p, U, J), by Lemma 5.4.1,

|71

ac UGy, (6:56)
r=0
Define the index set
Ri={re{0,...,|J]—1}: j& e A}. (6.57)

It follows that

ANS(H\ Vi) = (U{jm)})ma(%\vﬂ)

reR

= U(Uynam )
(5.55)

U <{j(i*’T)} AS(H\ V)) (6.58)

reR
where the set V;« ,.;«, is as described in Remark 5.5.2. We note that Vi« o+, .= Vi«

Under the premise of (6.55), the union in (6.58) is empty, which implies
{j(z‘*,r)} NO(H \ Vie riit, T) = (), r e R. (6.59)

Since A # (), the set R is likewise nonempty. Fix an arbitrary r € R and consider
the invocation RDCA(p, U™, J(7)) along the LBRP(i* | p, U, J). Relative to this

invocation, the implication (6.40) from Proposition 6.2.2 is written as
GO NSHN Viegr, ) =0 = TV <. (6.60)

By (6.59), the premise of (6.60) is satisfied. Consequently, observing that

i) 29 pe) (6.61)

we conclude that 70 < 0. m

Proposition 6.2.4. Consider the RDCA(p, U, J) program. The following implication
holds

TOSH\V) A0 = T C(H\ V). (6.62)
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Proof. The proof proceeds by contradiction. Suppose that (6.62) does not hold. Then
there exists d € 6(H) such that

de TNSH\ Vi), (6.63a)
T & 6(H\ Vie). (6.63b)

Define A := J \ 6(H \ V;+). By construction, A C J and AN §(H \ V<) = (). Moreover,
A # () by (6.63b). Hence, Proposition 6.2.3 yields

T <. (6.64)
Since d € 6(H \ V=) according to (6.63a), it follows from Proposition 6.1.3 that

1 1 "
Z < ") )[Ad,h(p)]2 =T (6.65)
%) Ngp
hena(H) “d.h ’

Additionally, the condition d € J implies:

6.10a

(i*) §6.10d%
g, € (0, Naul,  hena(H), (6.66)

(6.10b)

(%) (5.29b)

Combining (6.64), (6.65), and (6.66) yields the identity
o) = Nap, b€ na(H). (6.68)

This identity directly contradicts (6.67), since
(6.63a)

0 £ nuH\ Vi) C na(H). (6.69)

Therefore, the initial assumption must be false, and the implication (6.62) holds. [

We are now ready to state and prove the main result of this section, Theorem 6.2.5.
Theorem 6.2.5. Consider the RDCA(p, U, J) program. If J = 6(H) and V;» C H, then
S(H\ Vir) =(H). (6.70)
Proof. Assume J = §(H). Given the trivial inclusion
S(H\ Vis) CHH), (6.71)
by Proposition 6.2.4, the following implication holds:
S(H\ Vi) £0 = 0(H) Co(H\ Vir). (6.72)

If V;» C H, the premise of (6.72) is satisfied. Combining the resulting inclusion with (6.71)
yields the desired equality (6.70). O
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6.3. Monotonicity of the Function s

The primary goal of this section is to demonstrate that condition (3.62d) of
Theorem 3.2.8 holds for U* = V;» C H, where V;« is given by Definition 5.5.1 for the
RDCA(p, U, J) with J = &6(H). This is formally established in Theorem 6.3.10. The
proof of this claim relies on several auxiliary results, principally Theorems 6.3.2 and 6.3.9
concerning the monotonicity of the function s (recall Def. 3.2.3).

We begin with Corollary 6.3.1, which ensures that s is well-defined for the specified

arguments under certain conditions.

Corollary 6.3.1. Consider RDCA(p, U, J) and let i € {1,...,3i*}. Let V; be the set
defined in Definition 5.5.1. The following assertions hold:

1. If V; C© H, then the pair (\;, v;) := Eigen(V; | p) is well-defined. Moreover, for every
d € 6(H\ Vi), the value s(V;, v;, d | p) is well-defined.
2. Ifi* > 2 and i < i*, then the pair (\;, v;) := Eigen(V; | p) and the value s(V;, v;, j | p)

are well-defined.

Proof. Assertion 1 follows directly from Theorem 6.1.2.
To prove assertion 2, assume that i* > 2. By (5.63c), we have

*—1

Je[)oH\ V). (6.73)

i=1
Hence, V; C H and j € 6(H \ Vi) for all ¢ € {1,...,7* — 1}. The claim then follows from

assertion 1. O

Abuse of notation for the function s. Let V;, fori € {1, ..., i*}, be the sets provided
by Definition 5.5.1 in the context of the RDCA(p, U, J) program. Throughout this section,
we frequently encounter expressions involving s(V;, v;, d | p) for V; C H, (N, v;) =
Eigen(V; | p), and d € 6(H \ V;). By Assertion 1 of Corollary 6.3.1, for these specific
instances, the vector v; is well-defined and uniquely determined by V;.
In view of this observation, we simplify the notation by writing s(V;, d | p) as a
shorthand for s(V;, v;, d | p) for the parameters specified above. This convention is used
throughout Section 6.3, with the exception of Theorem 6.3.10, which is later referenced

in contexts requiring the full notation.
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Theorem 6.3.2 (Monotonicity of s for i < i*). Consider the RDCA(p, U, J) program. If

1t > 3, then
S(Vi—la .] | p) < S(Via j | p)7 (S {27 R i — 1} (674>
Proof. Suppose that i* > 3 and let i € {2, ..., i* — 1}.
By (6.6), we have:
1y (6:6b) .
vy < Naps (dh) € 5(H\ Vi) \ VO,
(6.75)
o (669 (i) (3:630)
xdﬁ 2 Nd,fw (d7 h) S y C 7](7—[ \ VZ)
Substituting xg;gl) and xdl;)h as given in (6.4), we obtain
s(Vic1, d | p) Aan(p) < Nap, (d,h) € v (H\ Vic1) \ Yih, (6.76)
s(Vi, d | p) Agn(p) = Nan, (d,h) € Y.
Since
(5.63b)
@ 629 (i-1)
YO y(HA V) \N Y, (6.77)
the inequalities in (6.76) imply
S(Vifla d ’ p) < S(Via d ‘ p)a de 5(32(1)) (678)

The desired result (6.74) now follows from the fact that 6(Y%) = {j} (see (5.29a),
(5.29d)). O

To establish the desired monotonicity in Theorem 6.3.2, we relied on condition (5.29a),
which ensures that Y = () for i € {1, ..., i* —1}. The case i = i* cannot be handled by

5.280) (). Therefore, a different proof strategy is required. This

this argument because ") (
case is resolved in Theorem 6.3.9, which extends the monotonicity result to include ¢ = ¢*.
The proof of Theorem 6.3.9 is based on several auxiliary results — Propositions 6.3.3, 6.3.4,

6.3.6, and 6.3.8 — which are presented below.

Proposition 6.3.3. Consider the RDCA(p, U, J) program. Suppose that:
(1) ©* > 2,
(i) j € 6(H\ Vie),
(iii) s(Vie—1, 3 | p) > s(Vi=, j | p).

Then the following statements hold:

3d € SH\U\ {5} : Fhen(H\U) = 2,7 <l (6.79a)
Vd € S(H\ Vi) NS(H\ Vi) 3hena(H\U) = 2, " > alf). (6.79b)
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Proof. We first observe that, by Corollary 6.3.1 and conditions (7)-(7i), the function values
appearing in condition (7ii) are well-defined.

From (6.4), we recall the following identity for ¢ € {i* — 1, i*}:

xg)h = s(Vi, d | p) Aan(p), (d,h) € v;(H\ V;). (6.80a)

Moreover,
(2.17¢)
(i) (5.59)
0 # %H\Ve) C puH\ Vi) (6.80b)

These properties will be utilized later in the proof.

(6.79a): The following set equalities hold:

(Voo gH)\U) Uvngn(H) = (aonag(H) Urng (H)) \ U\ vn (7))
(2.17d)
(5.30a)
= Yeen\nuaup ()N U
= woou(H)\U, (6.81a)
(2.17¢)
(vspong H)\U) Nyni(H) =" vseonpnanpn(H) \U = 0. (6.81b)

Applying Proposition 6.1.6, together with (6.81) and (6.80), we obtain:

¥ —1 ) i*—1
Z (wglh : xglh)> + Z (xgl,h )_Nd,h>

(d,h)Evsr\ {5y (U (d,h)eylt*—1)

(Wi D) =V D) Y Awlp) =0, (6:52)
(d,h)€vj (H\V;x)

(6.80b)
Due to (6.6a), assumption (74), and the fact that v;(H \ Vi-) # 0, equality

(6.82) implies:

3 (a;fih D xflij’) <0. (6.83)
(d,h) €553 (HINU

Consequently, the following holds:
(i*—1 i*
El(d h) € Vo(u \{J}( )\Z/{ xd,h ) < xgl,h)‘ (6-84)
By Corollary 2.3.2, statement (6.84) is equivalently expressed as

3d € SH\U\ {5} Fh €M \U) : 2,7V <al). (6.85)
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(6.79b): By (6.5) and the fact that j € 6(H \ V) for i € {i* — 1, i*} (see (5.63c) and (i1)),

we have:

. A, 2
O S 11 S N = (A ) (6.86)
henj(H)  Lih

Observe that the set v,;(H) decomposes as:

(2.17a)
vi(H) =" (Vi) Uy (HA\ Vi)
5.59 o
B V) UV Uy (A Vi), (6.87)
where the three subsets in (6.87) are mutually disjoint; in particular,
(5.59)
Sk 5.29¢
V) 0 YD G2 g (6.58)
Moreover, (6.4) gives:
(2.17b)
i — i* (5.59)
vin ) =ws () €0 V) TS 0)
- (551) .,
253 = Nap, (d,h)e Vs, D YD,

By subtracting (6.86) for ¢ = ¢* from the case i = i* — 1 and applying the

established properties, we obtain

(6.86)

i*— i*) (6.87) 1 1
T( - T( ) = Z ( (i*—1) - (i*)>[Ad,h(p)]2
(d,h)ey;(Vir_1)  Ld,h d,h
1 1 )
+ > (F - F) [Aan(p)]
(dh)eyi*-v Ldhn dh
1 1
* Z ( (i—1) (i*))[Ad7h<p)]2
x x
(dh)ev; (H\Vi) Ld,h dh
(6.89)

(6.80) Z <F — m) [Aan(p))?

@neyi=v  Ldh
1 1

n _ _ : Z Aan(p)-
<8(V¢*1, jlp) sV, j| p)> (d.)Ev; (H\V;<)
(6.90)

Furthermore, from (6.6a), it follows that
1 1
> () Aa®) <0, (6.91)
x(z 1) Nd h
(@h)ey =1 Ldh 7

(6.80b)
Combining (6.91) with assumption (74) and the fact that v;(H \ Vi=) # 0, the

equality in (6.90) yields
TE =Y ) <, (6.92)
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Invoking (6.5) once more for i € {i* — 1, *} and using (6.92), we deduce,

1 1
Vd € S(H\ Vi) N6(H\ V) S (ﬁ _ ﬁ) [Aan(p)? < 0. (6.93)
hena(H)  Ldh Tyn

Since xsh 2 :L‘((;h > 0 for (d,h) € H (see (6.10a)), it follows from (6.93) that
Vd € 6(H\ Vies)) NS(H\ Vi) 3h€na(H): af, " > alf). (6.94)
Finally, observing that
D @D gy eve,nve S U, (6.95)

the assertion in (6.94) can be refined to

Vd € S(H\ Vi) N6(H\ Vi) 3heng(H\U): 2, "V >al) (6.96)

]
Proposition 6.3.4. Consider the RDCA(p, U, J) program. Let A C J and define
i*}, if jeA
o) U (6.97)
(1,....), if j¢ A
Then, for all i € I and all (d,h) € Ys0\v,)(H), the following implication holds:
(d,h) € Vsgowvyra(H)\ Vi = s(Vi, d|p) < gZdh (6.98)
Proof. Let i € I.
Observe that
7YV = 0. (6.99)

Indeed, in the first case of (6.97), Y (5290) (). In the second case, since j ¢ A, the result
5.20d)
follows from §()( ) c {jk
Applying (6.99), we obtain

(2.17¢)

Yorwona(H)\ Vi =" Ysanvyna(H\ Vi)
o0 s ~ (6.100)
=7 YeownaHA V)N YD TS a2 (HA W)\ YW,
Furthermore, by (6.10b) and (6.4), we have:
s(Vi, d| p) Aan(p) < Nap,  (d,h) € 7 (H\ Vi) \ Y. (6.101)

Combining (6.100) with (6.101), and using the identity % = 2, we obtain the

desired implication (6.98). O
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The subsequent propositions rely on a specific monotonicity condition for the
function s. To ensure a modular and compact presentation, this condition is formalized

as Assumption 6.3.5, parameterized by u € N.

Assumption 6.3.5. Let u € N be given. For the program RDCA(p, U, J) with any valid

input parameters satisfying | 7| < u, the following implication holds:

(=2 A jesH\V)) = sV ilp) <sVelp). (6102)

Regarding Assumption 6.3.5, Corollary 6.3.1 states that the premise of
implication (6.102) guarantees that the values of s(V;, j | p) are well-defined for

i € {i* — 1, i*}, thereby confirming the validity of this formulation.

Proposition 6.3.6. Consider the RDCA(p, U, J) program. Let

e Wb S (6.103)
{7, T\{5}}, i 1TI>2,
and define
ey Ay (6.104)

{1,....eh of A=T\{j}
If Assumption 6.3.5 holds with w = | A, then for all i € I and all (d, h) € 5300 (H), we
have:

(d,h) € vsaowyra(H) NV, = s(Vi, d|p) > L+ (6.105)

= San’
Proof. Fix an arbitrary ¢ € I.
If Ys0v0na(H) NV, = 0, then the implication (6.105) holds vacuously.

Assume instead that this intersection is nonempty, and fix an arbitrary element
(d,h) € vsawyna(H) NV (6.106)

To facilitate the analysis of this nontrivial case, we organize the remainder of the proof

into three parts.

Part 1: Identification of the indices r and ¢.

By the definition (5.51) of V; and the fact that 4 (i) (520 0, we have

|J|_1%7'_1 . :
, - 7, if r=0
Ysrvnal(H) NV C U U Yert) where i, := (6.107)
r=0 t=1 Z'Zr, if r>1.
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Consequently, there exist r € {0, ..., |J| — 1} and t € {1, ..., %, — 1} such that

(d,h) € Yir), (6.108)

C (520d)
Together with the inclusion §(Y@70)  C {7}, this implies

d= 50, (6.109)
We note the following properties of the recursion level r:

A=J\{j} = r>1, (6.110a)
r=0 = i=1, (6.110b)

The first implication follows because if j ¢ A, then (6.106) implies d # j = j@9; thus,
r > 1 by (6.109). The second follows by contraposition of the first: if » = 0, then A = 7,
which by the definition of I requires i = i*.

Implication (6.110b), combined with the third notational identity in (5.35), ensures

that 7, = i; .. Therefore, t € {1, ..., 4;, — 1}, and consequently,

y Yir

it > (6.111)

Part 2: Analysis of the RDCA(p, U7, 7)) invocation.
For the RDCA(p, U™, 7)) invocation along the LBRP(i | p, U, J), let the sets
Virg: 9 € {1, ..., i}, be defined as explained in Remark 5.5.1. Then, by (5.63b),
for g =t we have

RACEC el AR VN (6.112)
Consequently, since (d, h) € Y (recall (6.108)), we have

7,75 6.4)
ajt(iyh ) (: S(Vi,r;t7 d ‘ p) Ad,h(p>7

iy (669 (6.113)
de:h7 2 Ndﬁ.
Combining both parts of (6.113) gives
N,
S(Vi7T;t) d | p) Z Adi’(hp) = % (6114)
For later reference, by (5.55) and using the fact that 7, = ii ., we have
Vi=Vipiz - (6.115)
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Part 3: Invocation of the monotonicity of s.

Observe that |J| —r < |A|. This is evident if A = 7, and for A = J \ {j} it follows
(6.110a)
from r > 1. Consequently, by (5.43), we obtain:

|70 < | Al (6.116)
Let Assumption 6.3.5 hold for u = |A|. Then, since |J®"| < u for this choice of u,
the following implication holds for the RDCA(p, U™, J@™)) program:
(7, >9 A j00 € 53\ Vi,rm)) —
$Wiriz 1. 397 | p) < 5(Visz . 597 | p). (6.117)
The premise of (6.117) is satisfied because of (6.111) and
jim ©109 5 CEO s py CL 50 Viras )- (6.118)

Combining the conclusion of (6.117) with Theorem 6.3.2 applied to the
RDCA(p, U™, J@)) program, we get

$WVirg: 37 1 0) < Wiz, 37 | p),  ge{1, ... i, —1}. (6.119)

In particular, for g = ¢ identified in Part 1, and in view of (6.109), we obtain

SWigst, d | p) < sVigsiz,» d | p).- (6.120)
The desired conclusion then follows from
(6.114)
(6.120)
L sV L d]p) Y sV, d | p). (6.121)

O

We now state Proposition 6.3.8, which shows that certain conditions on the variables
of the RDCA(p, U, J) program cannot all hold simultaneously. This result plays a key
role in the proof of Theorem 6.3.9, which proceeds by contradiction. Before proceeding,

Lemma 6.3.7 records an observation that will be used in the proof of Proposition 6.3.8.

Lemma 6.3.7. Consider the RDCA(p, U, J) program and let i € {i* — 1, i*}. For any
(d,h) €V, the following implication holds:

(a#7 A hem®\W) = (dh) €1 (H). (6.122)
Proof. First, observe that
(2.17d) (5.59)
Ysnt (Vi) = vsaonag V) Uy (Vi) =" UUr (Vi) (6.123)
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Let (d,h) € V; with d # j. Then

(d.h) € woonpn(V) 2 UV ;). (6.124)
Furthermore, if h € n4(H \ U), then clearly
(d,h) € ya(H\U) 2 quH)\U. (6.125)
Combining (6.124) and (6.125), we obtain
(d,h) € UV G (V) N (a(H)\U) Cyny (Vi) €y (H). (6.126)
0

Proposition 6.3.8. Consider the RDCA(p, U, J) program. The following conditions

cannot all hold simultaneously:

(i) " =2,

(it) j € 6(H\ Vi),

(iii) s(Vi=—1, j | p) > s(Vi, 7 | p),

() [T =2,

(v) Assumption 6.3.5 holds for u=|J|— 1.

Proof. First, observe that by Corollary 6.3.1 and conditions (i)-(ii), the function values
in condition (74) are well-defined.
The proof of the proposition proceeds by contradiction. Specifically, assuming that

conditions (i)—(v) all hold, we derive the following two contradictory assertions:

3d € [§(H\ Vi) NSHA\ V) \ G} sViea, d | p) < s(Vie, d | p), (6.127a)
Vd € [6(H\ Vi) NS(H\ V)] \ (G} sVie1, d | p) > s(Vi-, d| p). (6.127Db)

Proof of (6.127a).
Under conditions (i)-(7ii), assertion (6.79a) of Proposition 6.3.3 guarantees the existence

of (d, h) € H satisfying:
desSH\U\{j} A hen®\U) A i,V <al). (6.128)

Let (d,h) be any such pair. To establish (6.127a), we examine three exhaustive cases,

each assuming (d, h) lies in one block of the following partition of H:
{Vie_1, Vis \ Vi1, H\ (Vo1 U Vi) | (6.129)
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Case 1: (d,h) € Vix_4
By Lemma 6.3.7 and (6.128), we have (d, h) € V;«_1 Ny g3 (H). Then,

. slpy (6128) ) (6100)
Nup & ran < wg < Nap (6.130)

which leads to a contradiction. Therefore, this case is impossible.

Case 2: (d, h) S VZ* \Vi*—l

(iv)
Recall that |J| > 2, and consider Proposition 6.3.6 with A = J \ {j}. By (v),
Assumption 6.3.5 holds for u = |J| — 1 = | A]; hence, the following implication holds:

(d, h) € vspovongp(H) N Ve = s(Vir, d|p) = 2% (6.131)

= San’

On the other hand, by Proposition 6.3.4 with A = 7 \ {j}, we have

(d, h) € Vs _on@p M)\ Ve = sV, d [ p) < 1 (6.132)

h

To verify the premises of these implications, observe that:

(1]

J\{i} < (H\V»), (6.133a)
(6.122)

(d,h) € yr(H), (6.133D)

(dh) € Vi, (6.133c)

(d.h) €T H\ Vi, (6.133d)
(6.133d)

(d,h) € Yawv._n(H), (6.133¢)

where [1] follows from (6.62), whose premise is satisfied because J > j (g) S(H N\ Vir).

Then, the premise of (6.131) follows from (6.133a)—(6.133c), while the premise of
(6.132) follows from (6.133e), (6.133b), and (6.133d) via (2.17e).

Combining the resulting inequalities yields

Since

Eglﬁgg (6.133¢) (6.128)
d € 6(H\Vir) and d € 6(H\Vi_1) and d # j, (6.135)

this establishes (6.127a).
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Case 3: (d,h) € H\ (V=1 U Vix)
By basic set algebra, H \ (Vis—1 U V) = (H \ Vi=—1) N (H \ Vi»). Then, applying (6.4)

for i € {i* — 1, i*}, we obtain:

2y = s(Veor, d | p) Aan(p),

) (6.136)
rgy, = sWie, d | p) Aan(p):
Substituting these into the inequality in (6.128) yields:
s(Vis—1, d | p) < s(Vix, d | p). (6.137)

(6.128)

Since (d, h) € (H\Vi~_1)N(H\Vix) and d # j, this concludes the proof of (6.127a).

In summary, of the three exhaustive cases considered here, Case 1 is impossible, while

each of the remaining two yields (6.127a).

Proof of (6.127b).
Let O := [6(H\ Vie—1) N6(H\ V)] \ {j}. Under conditions (i)-(iii), assertion (6.79b) of

Proposition 6.3.3 ensures that:
Vde O 3henMH\U): i, Y >al). (6.138)

Suppose O # (). Fix an arbitrary d € O and let h € nyg(H \ U) be the corresponding
element satisfying the inequality in (6.138).
To establish (6.127b), we examine three exhaustive cases, each assuming (d, h) lies in

one block of the following partition of H:
{Vi*7 Vieci \ Vie, H\ (V-1 U Vz*)} (6.139)

Case 1: (d, h) € V;
By Lemma 6.3.7 and (6.138), we have (d, h) € V- N vz j3(H). Then:

, sy (6138) gy (6100)
Nu ' wy < ay ) < N, (6.140)

which leads to a contradiction. Therefore, this case is impossible.

Case 2: (d,h) € Vi_1 \ Vix

(i0)
Recall that |J| > 2, and consider Proposition 6.3.6 with A = J \ {j}. By (v),
Assumption 6.3.5 holds for u = |J| — 1 = | A[; hence, the following implication holds:

(d, h) € Voo (H) NVieer = s(Vieer, d | p) = £4 (6.141)
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On the other hand, by Proposition 6.3.4 with A = 7 \ {j}, we have

(d,h) € Vsgrwven@gp M)\ Ve = s(Vir, d | p) < £%- (6.142)

To verify the premises of these implications, observe that:

deO

(d,h) € Ysawe_(H), (6.143a)
deO

(d,h) € Wanv.(H), (6.143D)
(6.122)

(d.h) € vnmH), (6.143c)
Case

(d.h) € Vi, (6.143d)

(d,h) € H\ V. (6.143¢)

Then, utilizing (2.17¢), the premise of (6.141) follows from (6.143a), (6.143c), and
(6.143d); while the premise of (6.142) follows from (6.143b), (6.143c), and (6.143e).

Combining the resulting inequalities yields
s(Vie—1, d | p) > s(Vix, d | p). (6.144)

Case 3: (d,h) € H\ (Vi—1 U Vix)
By basic set algebra, H\ (V-1 UV;») = (H \ Vi=—1) N (H \ V). Then, applying (6.4)

for i € {i* — 1, i*}, we obtain:

55522_1) = 5(Vi_1, d | p) Agn(p),

) (6.145)
2y = 5(Vie, 4] p) Aan(p).
Substituting these into the inequality in (6.138) yields:
s(Vis—1, d | p) > s(Vix, d | p). (6.146)

In summary, among the three exhaustive cases considered here, Case 1 is impossible,
while each of the remaining two yields s(V;«_1, d | p) > s(Vi, d | p). Since d was chosen
arbitrarily from O, this establishes the desired result (6.127b).

To conclude the proof of the proposition, observe that assertions (6.127a) and (6.127b)
are mutually contradictory. Since both follow from conditions (i)-(v), these conditions

cannot all hold simultaneously, completing the proof by contradiction. n
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Theorem 6.3.9 (Monotonicity of s for i = i*). Assumption 6.3.5 holds for all u € N.

Proof. Define the following predicate:

B(k):  For the program RDCA(p, U, J) with any valid input parameter satisfying | 7| = k,

the following implication holds:

To prove the theorem, it suffices to show that B(k) holds for all £ € N. We establish this
using induction, specifically, complete induction. In what follows, when we refer to the

context of B(k) for some k € N, we mean the setting described in the definition of B(k).

Base Case. We aim to prove that B(1) is true. The proof proceeds by contradiction.
Suppose, for the sake of contradiction, that B(1) is false. That is, in the context of the
RDCA(p, U, J) program with |J| = 1, we assume:

F>2 A jES(H\ V), (6.1484)
$s(Vie—1, 3 | p) > s(Vir, 5 | p). (6.148D)

Note that by Corollary 6.3.1 and (6.148a), the function values in (6.148b) are well-defined.
Under (6.148) and J = {j}, assertion (6.79a) of Proposition 6.3.3 guarantees the

existence of (d, h) € H satisfying:
deSH\UH\NT AN henH\U) A a2l <)) (6.149)

Let (d, h) be any such pair.
In view of (6.149), it follows from (5.63a) that

d € 5(H\ Vi) NS(H\ V), (6.150)
while from (6.25a) one has
Vw € n(H\U) 2,V <l (6.150D)
On the other hand, given (6.150a), assertion (6.79b) of Proposition 6.3.3 ensures that
3z € na(H\U) = 2.V > a2 (6.151)

Statements (6.150b) and (6.151) are contradictory. Hence the assumption in (6.148)
is false, and B(1) holds.
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Inductive Step. We aim to prove that for all £k € N\ {1},
(vte{l,...,k—1} B(t)istrue) =  B(k) is true. (6.152)

The proof proceeds by contradiction. Suppose there exists some k € N\ {1} for which
implication (6.152) fails, meaning:
(i) B(t) holds for allt € {1, ..., k—1};
and, in the context of the RDCA(p, U, J) program with |J| = k:
(i) i > 2,
(iii) j € §(H\ Vi),
(iv) s(Vie1, j | p) > s(Vis, J | p).
By the same argument as in the base case, the function values in (iv) are well-defined.
Observe that assumption (i) is precisely Assumption 6.3.5 with u =k —1 = |J| — 1.
Under this observation, and recalling that |J| = k > 2, the set of assumptions (i)—(iv)
corresponds exactly to the five conditions of Proposition 6.3.8. Since that proposition

asserts that these conditions cannot hold simultaneously, we obtain a contradiction.

Therefore, the implication (6.152) holds for all k£ € N\ {1}.

By complete induction, B(k) holds for all £ € N, which completes the proof. H

Theorem 6.3.10. Consider the RDCA(p, U, J) program. If J = 6(H) and Vi T H,
then, for all (d,h) € H,

(d,h) €eVie <= sV, v,d|p)> %, (6.153)
where (A, v) := Eigen(V;+ | p).
Proof. First, observe that
S(H\ Vi) ™% 5(H) = 7, (6.154)
which implies
Vs ng (H) = H. (6.155)

(=) By Theorem 6.3.9, Assumption 6.3.5 holds for all w € N. Hence, by Proposition 6.3.6
for the set A = 7, the following implication is valid for all (d, h) € vszv..)(H):

(d> h) < 75(7‘[\171'*)0\7(%) NV = S(Vi*> v, d | p) > %' (6156)

This completes the necessity part, after referring to (6.155), and noting that
(6.154)

Yo\ (H) =" H.
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(<) By Proposition 6.3.4 with A = 7, and using the law of contraposition, the following
implication holds for all (d, h) € Ys\v..)(H):

Wi v, d [ p) > 25 = (dh) E weumons () \ Ve “ET HA V. (6.157)

Note that by Corollary 6.3.1, s(Vi, v, d | p) is well-defined for all d € 6(H \ V;+). This

completes the sufficiency part, after noting that s v,.)(H) (6.154) o

6.4. Partial and Total Correctness

Theorem 6.4.1 (Admissibility of V;). Consider the RDCA(p, U, J) program. For any

i€ {l, ..., "}, the following implications hold:
ViCH < n> > Na (6.158a)
(d,h)eV;
Vi=H = n= Y Nu. (6.158b)
(d,h)eH

Proof. Let i € {1, ..., i*}.
The backward implication (<) in (6.158a) follows immediately from Remark 2.2.1
after referring to Definition 2.2.3.
By Lemma 6.1.1, the parameters p and V; satisfy the input requirements of DCA; hence,
the following assertion must hold:
(n> > Nan) v (M=H A 0= 3 Nu): (6.159)
(d,h)eV; (d,h)eH

Given that n > 7, ey Nan is impossible by (2.4e), the forward implications in (6.158)
follow directly from (6.159). O

Theorem 6.4.2 (Partial correctness). Consider the RDCA(p, U, J) program. If J = §(H)

then the point (T, ) returned by this program is of the form:

0, Zf Vi« =H Nd,h, (d, h) € Vi«
T = xd,h = (6160)

)\, Zf Vi* g_ H, S(Vi*, v, d | p) Ad,h(p), (d, h) cH \ Vi*,

where x = ($d,h7 (d,h) € 7-[), and the following conditions hold:
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If Vi- € H then:

n > Z Nan, (6.161a)
(d,h)EVx
(A, v) := Eigen(V;« | p), (6.161b)
S(H\ Vi) = 8(H), (6.161c)
(V(d, h) € H) ((d, b€V & s(Ve v.d|p) > gq%) (6.161d)

If Vi« = H then:

n= Y Nu (6.162)

Proof. According to Definition 5.5.1, V;» C H. The required properties are ensured as

follows:

e Conditions (6.160) and (6.161b) follow from Theorem 6.1.2 for ¢ = ¢*.
e Conditions (6.161a) and (6.162) follow from Theorem 6.4.1 for i = i*.
e Condition (6.161c) is ensured by Theorem 6.2.5.

e Condition (6.161d) is ensured by Theorem 6.3.10.
[

Theorem 6.4.3 (Total correctness). Let p € P. The RDCA(p, U, J) program with U = ()
and J = 6(H) terminates and returns a pair (T, x) that solves the CPDA (p) problem.

Proof. Algorithm termination is guaranteed by Proposition 5.2.2, which establishes that
i* < 0o. Upon termination, Theorem 6.4.2 ensures that the returned point (7, x) satisfies
the optimality conditions (3.61)—(3.63) of Theorem 3.2.8, with the assignments (77, *) =
(T, ) and U* = V.

According to Theorem 3.2.8, any point of this form is a solution to the CPDA(p)
problem. This completes the proof of Theorem 6.4.3.

We further note that in Theorem 3.2.8, the distinction between Case I and Case 2 is
defined by the conditions (3.62)—(3.63). Remark 3.2.5 ensures that the requirements of
Case 1 (specifically, (3.62a)) imply U* C H, whereas Case 2 corresponds to the situation
where U* = H. Thus, while Theorem 3.2.8 does not explicitly partition the conditions
for U* by the equality U* = H, this dichotomy is implicitly enforced.

Consequently, the case distinction in Theorem 6.4.2 — based on whether V;» C H or

Vi+ = H — is fully consistent with the two optimality cases defined in Theorem 3.2.8. [
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Chapter 7

Discussion of the Results and Future Work

7.1. Summary of Results

In this thesis, we investigated the optimum sample allocation problem, formulated as
CPDA(p) for a given population-total sample size model p € P (Def. 2.2.2). The problem
was posed as a constrained optimization problem, with explicitly defined variables,
feasibility constraints, and structural assumptions. We established the existence of
an optimal solution and derived sufficient optimality conditions (Th. 3.2.8) using the
Karush-Kuhn-Tucker Theorem F.2.1.

The primary contribution of this work is the RDCA algorithm, designed to solve
the CPDA(p) problem. This algorithm extends the existing DCA(p, ()) method, which
addresses Problem G.2 - a relaxed version of CPDA(p) omitting the inequality
constraints (3.2c). By leveraging the optimality conditions stated in Theorem 3.2.8, RDCA
identifies the set U* C H of take-max strata corresponding to the optimal solution. Once
this set is determined, the analytical formula for the solution follows directly from the
optimality conditions.

Because the RDCA algorithm is specifically tailored to the structural properties of
the optimal solution, it avoids the computational drawbacks common to general-purpose
nonlinear optimization solvers, such as numerical instability, sensitivity to initial values,
or failure to converge to a global optimum (see Sec. 1.3.2).

Furthermore, as an integral part of this research, we provided a robust implementation

of the RDCA algorithm in the R programming language, as detailed in Section 4.3.
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7.2. Directions for Future Research

There are two main directions for future research. The first concerns the development
of new algorithms for solving the CPDA problem, while the second focuses on extensions

and generalizations of the CPDA. We briefly discuss both directions below.

7.2.1. New algorithms

The RDCA algorithm for the CPDA problem is based on a recursive structure in which
a loop invokes the algorithm itself at each iteration. This pattern can lead to rapid
growth in computational complexity, with the total number of recursive calls increasing
roughly exponentially. In practical applications where the number of domains and strata
is relatively small (e.g., fewer than 20 domains and 50 strata per domain) and the total
sample size is moderate, this remains manageable with modern computing resources.
However, as the number of domains increases, the algorithm remains efficient only when
the total sample size is relatively small. The computation time grows with the number of
domains, the number of strata within each domain, and the total sample size. Therefore,
it would be desirable to develop a more efficient (i.e., sub-exponential time) method for
identifying the optimal set of take-max strata.

A possible — though modest — direction for improving efficiency is to introduce a
preprocessing step in which, for each domain d € 6(H), the strata are sorted in decreasing

order of the ratios ("—d

Sd,h) hena(H)° This allows the algorithm, when constructing the set )

on line 10, to examine only an initial segment of the sorted strata for each domain, rather
than checking all strata in arbitrary order.

Such an approach is analogous to the method proposed by Stenger and Gabler [41] for
solving the classical optimum allocation problem, i.e., the CPDA(p) problem with a single
domain (|6(H)| = 1). Although this modification does not change the algorithm’s overall

computational complexity, it could offer modest practical improvements in efficiency.

7.2.2. Generalizations of the CPDA problem

Several possible extensions of the CPDA problem are of interest from an applied
perspective.
One such extension is to include lower bounds on sample sizes in strata, i.e., constraints

of the form x4y > mgy, for all (d, h) € H, where mgy € (0, Ngp). In this context, it may
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be useful to refer to Wesolowski et al. [47] and Miinnich, Sachs and Wagner [31], who
provide algorithms for solving such an extended CPDA(p) problem in the case of a single
domain (|0(H)| = 1).

Another natural extension is to impose integrality constraints on the allocation
variables, i.e., x4, € N for all (d,h) € H, resulting in an integer optimum allocation
problem. Wright [49, 50| discuss such an extended CPDA problem for the single-domain
case in the presence of box constraints on the sample sizes within strata.

It would also be interesting to investigate multivariate extensions of the CPDA
problem, since in many applications one seeks an allocation that is jointly optimal with
respect to several study variables. The multivariate version of the CPDA problem for the
single-domain case is considered in de Moura Brito, do Nascimento Silva, Silva Semaan
and Maculan [12], where the authors also include constant lower-bound constraints on
the stratum sample sizes. The proposed solution procedure employs a binary integer
programming approach; see also Brito, Silva and Veiga [6] for an R implementation of this
method. A general multiobjective perspective on optimum allocation in survey sampling
is provided by Willems [48], who formulates the problem as a vector-valued optimization
task accounting for potentially conflicting study variables and practical constraints. The
framework is sufficiently general to encompass allocation problems closely related to the
CPDA formulation, which can be viewed as a particular instance within this broader class.

Finally, it would be worthwhile to explore multi-stage sampling extensions of the
CPDA problem. For the relaxed version of CPDA without inequality constraints (3.2c),
two-stage sampling schemes have been examined by Wesolowski and Wieczorkowski [45]
and earlier by Kozak, Zielinski and Singh [24], including applications to agricultural

surveys.

In addition to these extensions motivated by practical considerations, further
theoretical work could investigate whether the sufficient optimality conditions established
in Theorem 3.2.8 of Chapter 3 are also necessary. Establishing necessary and sufficient
conditions would provide a complete optimality characterization of the CPDA problem

and deepen the understanding of its mathematical structure.
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Appendix A

List of Symbols

Ax B

Xiel A;

set of natural numbers including zero, i.e., {0, 1, 2, ...}
set of natural numbers, i.e., {1, 2, ...}

set of n-tuples v = (z1, ..., z,) with z; € N, i.e., X N
set of integers, i.e., {..., =2, —1,0, 1,2, ...}

set of real numbers

set of positive real numbers, i.e., (0, +00)

set of n-tuples © = (71, ..., z,) with z; € R, i.e,, X R

set of n-tuples © = (71, ..., z,) with z; € Ry, ie., X Ry

set of matrices A = (a;;) with a;; € R for 1 <1i,5 <m

set of complex numbers

zero vector, i.e., (0, ..., 0) or [0, ..., 0]" depending on context
cartesian product of sets A and B, i.e., {(a,b): a € A, b€ B}

cartesian product of a family of sets {A;};c; for indexing set
I # (), that is, Xiep Ai = {(ai, iel): a;€ A; forallie ]}
shorthand for X, A

complement of set A with respect to the implicit universe under

consideration
cardinality of set A

Euclidean norm of vector € R", i.e., \/Y ., 27
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AT

diag(b)

component-wise (Hadamard) multiplication of vectors = and v,
Le., (xoy); = zy;

transpose of matrix A

diagonal matrix with vector b on the diagonal

logical OR (disjunction), logical AND (conjunction)

logical implication, logical equivalence

expected value of random variable X

population-total sample size model (see Def. 2.2.1)

family of population-total sample size models (see Def. 2.2.2)
index-extractor auxiliary functions (see Def. 2.3.1)
model-parameter auxiliary functions (see Def. 2.3.2)

family of admissible sets for model p € P (see Def. 2.2.3)

population-total sample size matrix for A € F,, p € P (see
Def. 3.2.1)

eigenpair operator (see Def. 3.2.2)
function (see Def. 3.2.3)

take-max strata sets V; (see Def. 5.5.1 or Rem. 5.5.1)
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List of Abbreviations

Abbreviation  Reference Description
CRAN R Core Team [35] Comprehensive R Archive Network
CPDA Problem 3.1.1 Controlled-Precision Domain Allocation
problem
DCA Algorithm 2 Domain-Controlled Allocation algorithm
KKT Theorem F.2.1 Karush-Kuhn-Tucker conditions
LBRP Definition 5.4.1 Last-Branch Recursion Path
NLP Nonlinear programming
RDCA Algorithm 1 Recursive Domain-Controlled Allocation
algorithm
REL-CPDA Problem 3.2.1 Relaxed Controlled-Precision Domain
Allocation problem
RNA Wesolowski et al. [46] Recursive Neyman Algorithm
SI Sarndal et al. [42, Simple random sampling without replacement
Sec. 3.3, p. 66]
ST Sarndal et al. [42, Stratified sampling
Sec. 3.7, p. 100]
STSI same as above Stratified simple random sampling without

replacement
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Appendix C

Perron-Frobenius Theory

The following properties are classical statements from the Perron-Frobenius

theorem.

Theorem C.1 (Perron-Frobenius). Let A be a real square matriz with all entries strictly

positive. Then the following statements hold:

1. There exists a real, strictly positive and simple eigenvalue of A, denoted by r and
known as the Perron root, such that r > |\| for any other eigenvalue X of A.

2. There exists a real eigenvector v associated with eigenvalue r such that v > 0. This
vector, called the Perron vector, is unique up to positive scaling.

3. Any eigenvector of A that is not a positive scalar multiple of v must have at least one

negative component.

For a proof of these statements, see, e.g., Meyer [28, Sec. 8.2, p. 663|, Gentle [15,
Sec. 8.7.2, p. 373|, or Kato |20, Chapter I, Par. 7, Sec. 2, p. 66].
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Appendix D

Convex Sets and Convex Functions

Although the general definition of a convex function (together with the corresponding
theorems) applies to functions f: R” — [—o00, +00], in the following definitions we restrict

our attention to finite-valued functions f: R" — R.

Definition D.1. Let X C R™ and let f: X — R. The epigraph of f is the subset of
R™*! defined by

epi f:={(z,n) € X xR: f(z) < pu}. (D.1)
Definition D.2. A subset X C R" is called convex if for all z, x5 € X,

(1=Nazi+rzmeX, Vrelo,1]. (D.2)

Definition D.3. Let X C R" and let f: X — R. The function f is called convex if its

epigraph is a convex subset of R*.

Proposition D.1. Let f;: R" — R, i € {1,..., m}, be convex functions. Then the

following functions are convex:

e nonnegative weighted sums ;- w; fi + b, where w; > 0 for all i and b € R;

e the pointwise maximum function g: R — R, defined by

g(z) == max(fi(z), ..., fm(z)), r € R™ (D.3)

Proof. See, e.g., Bertsekas [4, Prop. B.2, p. 785] or Mordukhovich and Nam [29, Th. 1.38,
p. 14]. O
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Appendix E

Selected Results in Topology

This appendix provides a brief review of the topological definitions and results required
for the analysis in Chapter 3. For our purposes, it is sufficient to consider these concepts
within the framework of metric spaces.

When referring to a metric space (M, d), we generally denote it simply by M whenever
the metric is clear from the context or immaterial to the results. Unless otherwise stated,

R™ is equipped with the standard Euclidean metric d(z, y) := ||z — y|| for z, y € R™

E.1. Preliminaries on Metric Topology

Definition E.1.1. Let (M, d) be a metric space, and let X C M. Define the metric dx

on X by
dx(l‘l, 172) = d(l’l, ZL‘Q), T, T2 < X. (El)

Then (X, dx) is a metric space, called a subspace of (M, d).

Definition E.1.2. Let (M, d) be a metric space. The open ball centered at x € M with

radius r > 0 is the set
Buy(z,r):={ye M: d(z,y) <r}. (E.2)

Definition E.1.3. Let (M, d) be a metric space. A subset X C M is called open in
(M, d) if
Vee X Jr>0: By(z,r) C X, (E.3)

where B); denotes the open ball in metric space (M, d) (see Def. E.1.2).

Definition E.1.4. Let (M, d) be a metric space. A subset X C M is called closed in
(M, d) if its complement M \ X is open in (M, d).
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Theorem E.1.1. Let M be a metric space. Then:

1. The union of any family of open sets in M is open in M.

2. The intersection of any finite family of open sets in M is open in M.

Proof. See Singh [39, Th. 1.1.5, p. 4]. O
Theorem E.1.2. Let M be a metric space. Then:

1. The intersection of any family of closed sets in M is closed in M.

2. The union of any finite family of closed sets in M is closed in M.

Proof. The results for closed sets follow immediately from Theorem E.1.1 by applying De
Morgan’s laws to the respective complements. O
Theorem E.1.3. Let My be a subspace of a metric space M. Then, a subset X of My is:
1. Open in My if and only if X = My NU for some set U open in M.

2. Closed in My if and only if X = My NV for some set V closed in M.

Proof. See Sohrab [40, Th. 5.2.5, p. 187|. ]

Theorem E.1.4. Let My be a subspace of a metric space M. If a subset X C M is
closed in My and M s closed in M, then X is closed in M.

Proof. Since X is closed in M7, by Theorem E.1.3, there exists a set V' closed in M such
that X = M;NV. As both M; and V are closed in M, their intersection X is also closed
in M (see Th. E.1.2).

See also Munkres [30, Lem. 16.2, p. 89] for the corresponding result for open sets in

topological spaces, or Rudin [37, Th. 2.30, p. 36]. O

Definition E.1.5. Let (M, d) be a metric space. A subset X C M is bounded in (M, d)

if there exists r > 0 such that d(xy, z5) < r for all 2y, zo € X.

Theorem E.1.5. Let (R", d) be a Euclidean metric space. A subset X C R™ is bounded
in (R, d) if there exists r > 0 such that

llz|| <, Ve e X. (E.4)
Proof. Suppose such r exists. Then, for any z1, 9 € X, the triangle inequality implies
(w1, ) = [[o1 = wol| < [loafl + 2]l <7 +7 =27 20 (E.5)

]
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E.2. Compact Sets

Definition E.2.1. Let M be a metric space. An open cover of a set X C M is a
collection {G: A € A} of open subsets of M such that

xclJan (E.6)

AeA

Definition E.2.2. Let M be a metric space. A subset X C M is compact if for every
open cover {Gy,: A € A} of X, there exists a finite subcollection {G,,, ..., Gy, } such
that §

X clJGa. (B.7)

i=1
Theorem E.2.1 (Heine-Borel Theorem). In the Euclidean metric space (R™, d), a subset
X C R™ is compact if and only if it is closed and bounded in (R™, d).

Proof. See Sohrab [40, Cor. 5.6.38, p. 225]. O

E.3. Connected Sets

Definition E.3.1. A metric space (M, d) is connected if there do not exist two disjoint,

nonempty sets U, V' C M that are open in (M, d) such that M =U U V.

Definition E.3.2. Let X be a subset of a metric space (M, d). We say that X is
connected if the metric subspace (X, dy) is connected, where dy is the induced metric

on X.

Theorem E.3.1. In the Euclidean metric space (R, d), a subset X C R is connected if

and only if it is an interval.
Proof. See, e.g., Pons [34, Th. 4.3.7, p. 162] or Rudin [37, Th. 2.47, p. 42]. H

Theorem E.3.2. Let X C R" be a convex set. Then the metric subspace (X, dx) is

connected, where dx is the induced metric on X.

Proof. See Malla and Bajracharya [27, Th. 1, p. 26] and Rudin [37, Ex. 21.(c), p. 45]. O

For more details on the theory of connected sets, see Rudin [37, Ch. 2, p. 42; Ch. 4,
p. 93|, Sohrab [40, Sec. 5.7, p. 226, or Munkres [30, Ch. 3, p. 145].
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E.4. Continuity

Theorem E.4.1. Let My and My be metric spaces. A function f: My — M, is continuous

if and only if, for every set Y C My that is open in My, the preimage f~1(Y') is open in M.
Proof. See Singh [39, Th. 1.1.6, p. 4]. ]

Theorem E.4.2. Let My and My be metric spaces. A function f: My — M, is continuous
if and only if, for every set Y C My that is closed in My, the preimage f~1(Y) is closed
m Ml-

Proof.

(=) Suppose f is continuous and let Y C M, be closed in M. By the properties of

preimages, we have

M\ fHY) = fH (M \ Y). (E.8)

Since Y is closed, M, \ Y is open in M,. By Theorem E.4.1, f~1(My\ Y) is open in M.
Thus, its complement f~!(Y) is closed in M;.

(<) Suppose the preimage of every closed set in My is closed in M;. For any open set

U C My, its complement M, \ U is closed. By our assumption, the set
fHMA\U) = M\ f7H(U) (E.9)

is closed in M;. Consequently, f~!(U) is open in M;, and thus, f is continuous (Th. E.4.1).
]

Theorem E.4.3. Let (M, di) and (Ms, ds) be metric spaces, and let f: My — My be a
continuous map. If X C M is connected in (M, dy), then f(X) is connected in (Ma, ds).

Proof. See Sohrab [40, Th. 5.7.22, p. 230], Munkres [30, Th. 23.5, p. 150|, or Rudin [37,

Th. 4.22, p. 93].
0

Definition E.4.1. Let X C R". A function f: X — R is lower semicontinuous at

z € X if, for every sequence {x;} C X such that x; — x, we have

f(z) < liminf f(xy). (E.10)

k—o0
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Corollary E.4.4. If a function f: X — R is continuous at x € X, then it is lower

semicontinuous at x.

Proof. 1f f is continuous at z € X, then for any sequence {x;} C X such that x; — x,

li;r_l)inff(xk) = kh_>m f(zy) = f(x). (E.11)
0

Definition E.4.2. Let X C R". A function f: X — R is coercive if, for every sequence
{zx} C X such that ||| — oo, it follows that

lim f(xy) = oo. (E.12)

k—o0

Theorem E.4.5 (Weierstrass Theorem). Let R™ be a metric space, let X C R™ be
nonempty, and let f: X — R be lower semicontinuous at all points of X. Assume that at

least one of the following conditions holds:

1. X is compact in R™.
2. X is closed in R™ and f is coercive.

3. There exists v € R such that the sublevel set
{reX: flx) <~} (E.13)
15 nonempty and compact in R™.

Then, the set of minimizers of f over X is nonempty and compact in R™.

Proof. See Bertsekas [4, Proposition A.8 (Weierstrass’ Theorem), p. 755 and the

accompanying proof. O]

E.5. Relative Interior

Definition E.5.1. Let (M, d) be a metric space and let X C M. The interior of X in
(M, d) is defined by

int(X) :={z € X: Ir > 0 such that By(z, r) C X}, (E.14)

where B); denotes the open ball in (M, d) (see Def. E.1.2).
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Definition E.5.2. Let X C R™. The affine hull of X, denoted aff(X), is the set of all

affine combinations of points in X, i.e.,
k k
aff(X) = {Z@lwz l’iEX, HZGR, 29221, kEN} (E15)
i=1 i=1

Definition E.5.3. Let (R", d) be a Euclidean metric space. The relative interior of a

subset X C R", denoted relint(X), is the interior of X relative to its affine hull aff (X), i.e.,
relint(X) := {# € X: 3r > 0 such that (Bgs(z, r) Naff(X) C X)}, (E.16)

where Bgn denotes the open ball in (R", d) (see Def. E.1.2).

Remark E.5.1 (Motivation for relative interior). The concept of relative interior is useful
when a set has an empty interior with respect to the ambient space (i.e., the space in which
this set is embedded), yet possesses a non-empty interior relative to the lower-dimensional

affine subspace in which it lies. Consider the following example:

e Lot X :=[0, 1] x {0} C R2.
e The standard interior of X in R? is empty:

int(X) = 0, (E.17)

since every open ball in R? around a point of X contains points outside of X.

e The affine hull of X is the z-axis:
aff(X) = {(x, y) € R*: y =0}. (E.18)
e The relative interior of X in aff(X) is the open interval along the z-axis:
relint(X) = (0, 1) x {0}. (E.19)

e Thus, relint(X) provides a well-defined notion of “interior” for sets whose dimension

is lower than that of the ambient space.

For more details, see Boyd and Vandenberghe [5, Sec. 2.1.3 Affine dimension and

relative interior, p. 23]
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Appendix F

Elements of Mathematical Optimization

This appendix summarizes the foundational definitions and results from mathematical
optimization and convex analysis required to establish the optimality conditions for the
CPDA problem, as presented in Section 3.2. For a comprehensive treatment of these
topics, we refer the reader to standard texts such as Nocedal and Wright [33| and
Rockafellar [36].

F.1. The Optimization Problem

This dissertation focuses on continuous optimization problems expressed in the

standard form as Problem F.1.1.

Problem F.1.1 (Continuous Optimization Problem). The problem is formulated as

follows:
mir;iergize f(zx) (F.1)
subject to  h;(z) =0, ie{l,..., m}, (F.2a)
gj(x) <0, jed{l, ..., t}, (F.2Db)
where m, t € Ny, and
f: Dy CR" =R, fect, (F.3)

hi: D, CR" — R, h;eCl, qie{l, ..., m}, (F.4)

gi: Dy, CR*" =R, g eC', je{l, ...t} (F.5)
m t

Dy =D () 0w) 0 (N D) (F.6)
i=1 =1

D C Dy. (F.7)
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The following standard naming conventions apply to Problem F.1.1:

e D is the problem domain, i.e., the set of all admissible values of the optimization
variable, which may encode additional structural restrictions;

e 1 is the optimization variable;

e f is the objective function,;

e hj,i € {1,....,m}, and ¢;,j € {1,...,t}, are the equality and inequality

constraint functions, respectively.
Definition F.1.1. In Problem F.1.1, the set X C D defined by
X:={zeD: hi(x)=0,Vi, gj(x) <0, Vj} (F.8)
is called the feasible set.

Definition F.1.2. Problem F.1.1 is said to be feasible if its feasible set is nonempty.

Otherwise, the problem is called infeasible.

Definition F.1.3. Let X C D be the feasible set of Problem F.1.1. A point z € D is
called feasible if z € X. A point € D \ X is called infeasible.

Definition F.1.4. Let x be a feasible point of Problem F.1.1. The set of active

constraints at x is the set of indices
Alz):={je{1, ..., t}: g;(z) =0}. (F.9)
The jth inequality constraint g;(z) < 0 is said to be active at z if j € A(z).

Definition F.1.5. Let X be the feasible set of Problem F.1.1. A feasible point z* € X

is a global minimizer (or an optimal solution) of Problem F.1.1 if
fz*) < f(x), Ve e X.
The point z* is a local minimizer if there exists € > 0 such that
f@) < flz),  Vee{yeX:|lly—a™| <€)

Definition F.1.6 of a regular point is crucial for Theorem F.2.1, which is one of the

main results of this appendix.

Definition F.1.6. Consider Problem F.1.1. A feasible point x is said to be regular if

the gradients of the equality constraints and the active inequality constraints,
Vhi(z), ..., Vhy(z), Vg,(x), j € A(x), (F.10)
are linearly independent.
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F.2. Optimality Conditions and Convex Optimization

Theorem F.2.1 (Karush-Kuhn-Tucker necessary conditions). Let x* be a local minimizer
of Problem F.1.1 and assume that x* is reqular. Then there exist constants \; € R, i €

{1,...,m}, and pi; >0, j € {1,...,t}, called Karush-Kuhn-Tucker multipliers, such that

m t
V(") + Z I Vhi(z*) + Z w; Vgi(z*) =0,  (stationarity)
i=1 j=1

hi(xz*) =0, ie{l,..., m}, (primal feasibility) (F.11)
g;(z*) <0, jged{l, ... t} (primal feasibility)
w; gi(x*) =0, jed{l, ...t} (complementary slackness)

Proof. See e.g. Bertsekas [4, Prop. 4.3.1, p. 379] or Avriel |1, Th. 3.4, p. 34|. The
latter provides a proof for the Fritz John conditions, which are slightly weaker necessary

conditions that do not require the regularity assumption. O]

In many applications, the regularity assumption in Theorem F.2.1 is difficult to
verify in practice. To address this issue, alternative assumptions known as constraint
qualifications (CQs) are used to guarantee the existence of KKT multipliers. While
numerous CQs exist, we focus on the one most relevant to the optimization problems
considered in this work. For a comprehensive graphical illustration of the relationships

among various constraint qualifications, see Bertsekas [4, Fig. 4.3.9, p. 407].

Theorem F.2.2 ((Weak) Slater’s Constraint Qualification). Let x* be a local minimizer
of Problem F.1.1 with domain D. Assume that the functions hy, ..., hy,, are affine and

the functions gy, ..., g are convex. Suppose there exists a point x € relint(D) satisfying

hi(z) =0, ie{l, ..., mb,

Gz <0,  jel (F.122)
gj(z) <0, je{l, ..., t}\ J,
where the index set J is defined as
J = {j e{l,...,t}: g is an affine functz’on}. (F.12b)

Then the KKT conditions (F.11) hold at x*. Here, relint(D) denotes the relative interior
of D (see Def. E.5.3).
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Proof. See Boyd and Vandenberghe [5, Sec. 5.2.3, p. 226|, Hiriart-Urruty and Lemaréchal
[18, Th. 2.2.5, p. 310], or Bertsekas [4, Prop. 4.3.9, p. 395| for the proof of (strong) Slater’s

constraint qualification. O

The conditions in (F.12) are referred to as the weak (or refined) Slater condition.

Remark F.2.1. Note that the refined Slater condition (F.12) reduces to standard
feasibility when all constraint functions are affine and the problem domain satisfies

D = relint(D).

Below, we present key properties of convex optimization problems, an important
subclass of optimization problems. In particular, Theorem F.2.4 shows that, for convex
problems satisfying the refined Slater condition, the KKT conditions (F.11) are both

necessary and sufficient for optimality.

Definition F.2.1 (Convex Optimization Problem). Problem F.1.1 is called a convex

optimization problem if the objective function f is convex on D, and the feasible set

is convex.
Remark F.2.2. The feasible set in Problem F.1.1 is convex if the functions hq, ..., h,
are affine on D and the functions ¢, ..., g; are convex on D. This follows directly from

the fact that the intersection of convex sets is convex.

Theorem F.2.3. In a convex optimization problem, any local minimizer is also a global

MANIMIZET.
Proof. See, e.g., Boyd and Vandenberghe [5, Sec. 4.2.2, p. 133]. O

Theorem F.2.4 (Karush-Kuhn-Tucker conditions for convex optimization problem).
Consider a convex optimization problem as defined in Definition F.2.1 for which Slater’s
condition (F.12) holds. A point x* € D is an optimal solution if and only if there exist
multipliers A € R, 7 € {1,...,m}, and p; > 0,5 € {1, ..., t}, such that the KKT
conditions (F.11) are satisfied.

Proof. Under the refined Slater condition (F.12), any local minimizer z* of Problem F.1.1
satisfies the KKT conditions (F.11).
Since the problem is convex, any point satisfying the KKT conditions is a global

minimizer (see, e.g., Boyd and Vandenberghe [5, Sec. 5.5.3, p. 243|). ]
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Appendix G

Multi-Domain Optimum Sample Allocation
with Controlled-Precision without

Upper-Bound Constraints

Wesolowski and Wieczorkowski [45] and Wesotowski [44] studied a relaxed version of
the CPDA problem that omits the inequality constraints (3.2c). This relaxed formulation
is denoted here as Problem G.1.

Problem G.1. Given p=(H, N, S, p,n) € P,

minimize T (G.1)
(T,x) € RxR!
subject to Z Zap —n =0, (G.2a)
(d,h)eH
2
Yo LBl ) —T =0, ded(H), (G.2b)
hena(H)
T >0, (G.2¢)

where (T, ) = (T, (Tan, (d,h) € 7—[)) is the optimization variable, and the functions ¢,

Nas Aan, and cq are as defined in Definitions 2.3.1 and 2.3.2.

The authors of Wesolowski and Wieczorkowski [45, Th. 2.1, p. 2215 proved the
existence and uniqueness of the solution to Problem G.1 provided that n € (0, nyaz),

where )
(ZhEnd(H) Nd’hSdJL)
Nonaz = Z 5 N (G.3)
des(H) henqg(H) d,h d,h

They also proposed an algorithm to compute this solution, namely, DCA(p, })). In
Chapter 4, we presented a generalized version of DCA that serves as the base-case algorithm
within the recursive RDCA framework. Regarding this implementation, we note the

following:
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1. The generalized DCA accepts any set U C H satisfying the input requirements as its
second parameter, allowing it to handle both empty and nonempty sets ¢ within the
recursive structure of RDCA.

2. Tt can be shown that n,,,, € (O, Z(d,h)e?—[ Nd,h].

3. The reason for specifying a weaker requirement for n in DCA — specifically n €

(0, > Ngp) instead of the stricter n € (0, Nypar) — is explained following Remark G.3.

It is of interest to consider how the solution to Problem G.1 changes when the model
p=(H, N, S, p,n) € P issuch that n € [nm(m, Z(dﬁ)eﬂ Ndﬁ], where n,,,, is defined
as in (G.3). In this context, we consider Problem G.2, a relaxed version of Problem G.1

in which constraint (G.2c) is omitted.

Problem G.2. Given p=(H, N, S, p,n) € P,

minimize T (G.4)
(T,z) € RxR!
subject to Z Tgp —n =0, (G.ba)
(d,h)eH
2
S Bl )T =0, ded(H), (G.5b)
hena(H) ’

where (T, ) = (T, (Tan, (d,h) € ’H)) is the optimization variable, and the functions ¢,

Na, Aap, and cq are as defined in Definitions 2.3.1 and 2.3.2.

The following remarks and Theorem G.1 characterize the solution to Problem G.2.
They are presented here without proof, as they can be directly inferred from the arguments
in Wesotowski and Wieczorkowski [45, Proof of Th. 2.1, p. 2215 and Proof of Prop. 2.2,
p. 2216].

Remark G.1. Problem G.2 admits an optimal solution for any p € P.

Remark G.2. Let (7%, *) be the solution to Problem G.2 for p = (H, N, S, p, n) € P,

and define ,
P (Zhe'ﬂd(ﬂ) Nd,hSd,h) . (G6)
Z > N, ,S?
dE(S(H) h@m(?—l) dvh d,h

Then, the following implications hold:

n € (0, Nmaz) - T >0,

€ [Mmaa, >, Nan) —  T*<0. (G.7)

(d,h)eH
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Remark G.2 implies that in Problem G.1, if n € (0, nyqz), the constraint (G.2c)
can be omitted without changing the optimal solution. Indeed, this insight was utilized
by Wesolowski and Wieczorkowski [45], where the optimal solution was derived via the
method of Lagrange multipliers considering only equality constraints.

We recall that in the CPDA problem, due to the upper-bound constraints (3.2c),
the optimal solution (7%, x*) satisfies T* > 0 for any n € (0, Z(d,h)e?—[ Nd,h}; see
Corollary 3.1.1.

Theorem G.1. Let the operator Eigen and the function s be defined as in Section 3.2.1.
Given model p = (H, N, S, p, n) € P, a point (T*, x*) € R s the optimal solution

to Problem G.2 if
T =\,
(G.8)
Ty, = s(0, v*, d | p) Aan(p), (d,h) € H,

where (X*, v*) := Eigen(0 | p).

Remark G.3. The DCA(p, () algorithm computes the optimal solution to Problem G.2

for any p € P.

Proof of Remark G.3. This statement follows directly from Theorem G.1 and the
definition of the DCA algorithm. O

Remark G.3 justifies the use of a broader requirement for n in the definition of DCA.
Specifically, as a base-case algorithm within the RDCA recursive framework, DCA must be

capable of solving Problem G.2 for any p = (H, N, S, p, n) € P (recall (2.4e)).
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